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abstract
In this paper, we develop a realistic model of the synaptic multiple-input single-output
(MISO) communication channel for cortical neurons. The synaptic channel weights change
adaptively according to the rules of spike timing-dependent plasticity (STDP) to enable
learning and memory within neuronal connections. We calculate the ergodic capacity of the
synaptic multiple-input multiple-output (MIMO) communication channel, and investigate
its performance using the statistical properties of neuro-spike communication. Moreover,
we analyze the communication performance of synaptic channels in terms of decoding
error probability, and define a lower bound on the synaptic multiple-input single-output
(MISO) communication channel.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Neuro-spike communication is a biological phenomenon in which both electrical signals and neurotransmitter
molecules are used to transmit information within neurons. In this paper, we focus on the general multi-terminal
channel model for neuro-spike communication, i.e., the
synaptic multiple-input single-output (MISO) channel
model.
We especially focus on the synaptic channels. The
synaptic channel performance depends on the timing performance of the presynaptic inputs and the delays between
the input and output neurons. Single excitatory postsynaptic potential (EPSP) does not sufficiently depolarize the
membrane to generate an action potential. Therefore, to
generate an action potential (AP) at the output neuron,
multiple (at least three) miniature EPSPs, i.e., mEPSPs, are
required. On the basis of this fact, we focus on the synaptic
MISO channel.
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There is increasing research activity on neuro-spike
communication, which is an interdisciplinary research
area, combining the fields of neuroscience and nanoscale
communications [1]. In the literature, there is some work
focusing on the point-to-point and multiple-access neuro
spike communication channels [1–3]. Development of
these electrical-molecular channel models is promising
for future realizations of molecular nanonetworks and
new communication architectures inspired from biological
neural entities.
There is some related work concentrating on the physiological and communication theoretic principles of neurons. Neurophysiological work includes the analysis of
important factors and neuronal parameters affecting the
performance of neuro-spike communication, which include input correlation, spike-timing-dependent plasticity
(STDP), axonal modulation, delay learning dependent plasticity (DLDP), nonsynaptic plasticity, and propagation plasticity.
Plasticity of the neurons also has an important role
in the nervous system. Despite the fact that nonsynaptic
plasticity, axonal plasticity, axonal modulation propagation plasticity have important roles in the plasticity of neurons [4], the most important mechanism in the plasticity
of the nervous system is the spike-timing-dependency of
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Fig. 1. Statistical multipath axonal channel model for nanoscale neurospike communication.

the synaptic communication channel. Therefore, without
focusing on the other plasticity factors, we mainly discuss
the spike-timing-dependent plasticity (STDP) mechanism.
A typical neuron model including the axonal channel characteristics for nanoscale neuro-spike communication is illustrated in Fig. 1.
Synapses are able to adjust their channel conductances
depending on the AP characteristics, called neural plasticity (NP) in the neuroscience literature [5]. NP aims at building stronger connections among neurons so that actively
transmitting neurons are sustained to carry information,
on the other hand, other connections, which are usually
not correlated with most of the transmitted information,
fade away. Information transfer via interfering connections
should be cancelled out at the output neuron. To achieve
this task, neurons, through feedback mechanisms, manage
to adjust the synaptic conductances, i.e., synaptic weights.
This mechanism among neuronal connections enables the
reduction of interference caused by uncorrelated synapses.
Spike-timing-dependent plasticity (STDP) is a biological process that adjusts the strength of connections between neurons in the brain. The process adjusts the
connection strengths based on the relative timing of a particular neuron’s output and input APs (or spikes) [5]. If an
input spike to a neuron occurs just before that neuron’s
output spike, then that particular input is made stronger.
If an input spike occurs immediately after an output spike,
then that particular input is made weaker as a result of
the STDP process. Thus, inputs that may be the cause of
the post-synaptic neuron’s excitation are supported to enhance their contribution. On the other hand, inputs that are
not the cause of the post-synaptic spike are weakened to
diminish their future contribution. The STDP process goes
on until a subset of the initial connection set, which is correlated in time, remains, and will eventually be the final
input to the neuron. Finally, AP generation is enabled in
the neuron when two conditions are satisfied: (i) many of
synaptic channel inputs occur within a short period, and
(ii) the AP threshold is exceeded. The details of STDP algorithm is also discussed in [6].
In this paper, we investigate the sustainability of the
synaptic connections from a communication theory perspective. Considering the physiological parameters for
adaptive channel update, we evaluate the capacity of the

neuro-spike communication channel. We assume that delay is mainly due to axonal activity, and ignore the delay
at the synapses (random), which is negligible compared
to axonal delay (deterministic) since the synaptic distance,
which is around 10–20 nm [7], is very short that the neurotransmitter molecules do not experience long communication delays, and once released, they are transmitted to the
postsynaptic receptors.
The rest of the paper is organized as follows. In Section 2, we provide a mathematical model for the synaptic
MIMO communication channel. In Section 3, we give the
analytical expression to calculate the ergodic capacity of
the synaptic MIMO communication channel. In Section 4,
we provide lower bounds for the synaptic channel capacity, and in Section 5, we provide a detection scheme for
the synaptic MISO channel, respectively. In Section 6, we
provide some performance results. Finally, in Section 7, we
conclude the paper.
2. System model for the synaptic MIMO channel
In this section, we consider and model the synaptic
MIMO communication channel using the ergodic capacity derivation. In the model, we assume that the inputs to
the synaptic channels affect each other since the synaptic paths allow them to mix. Hence, we cannot make the
assumption that the synaptic channels between the input and output terminals are parallel channels. Instead, we
consider that the inputs interfere with each other to generate the channel response at the output terminals, and
investigate the performance of a MIMO neuro-spike communication similar to classical communication problems
based on the physiological principles of neurons.
In our synaptic multi-input multi-output (MIMO) channel model, there are Mt presynaptic (input) neurons
and Mr postsynaptic (output) neurons. Let the continuous time (CT) signals to the inputs (dendrites) of presy|
naptic neurons be ∼s (t ) = s1 (t ) s2 (t ) · · · sM (t ) ,
and the outputs of the presynaptic
| neuron terminals be
x(t ) = x1 (t ) x2 (t ) · · · xM (t ) . We also incorporate
∼
the factors that cause interference,
and let the CT interfer
|
ing signals be ∼z (t ) = z1 (t ) · · · zN (t ) , the synaptic

|
wN (t ) , CT outputs at

the postsynaptic terminals be y(t ) = y1 (t ) y2 (t ) · · ·
∼
|
yN (t ) , and at the postsynaptic neuron outputs be ∼r (t ) =

|
r1 (t ) r2 (t ) · · · rN (t ) . The relation between the
x(t ) and y(t ) can be described by the point
components of ∼
noise be w
(t ) =
∼


w1 ( t )

···

∼

neuron model as
y1 (t ) = h1 x1 (t ) + z1 (t )
y2 (t ) = h2 x2 (t ) + z2 (t )

..
.

(1)

yN (t ) = hN xN (t ) + zN (t ),
where the interference component is defined as
zi (t ) =

M

j̸=i

hij xj (t ) + wi (t ).

(2)
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Fig. 2. Realistic channel model for nanoscale MIMO neuro-spike communication.

Pj is the presynaptic input terminal, xj (t ) signal power
incorporated to the channel to simplify the analysis.
Hence, in the analysis, from now on, we assume that
xj (t )’s are unit power presynaptic terminal signals.
• vij is the actual synaptic channel weight between the
input terminal j and the output terminal i.

•

Hence, we obtain the following relation
y1 (t )
 y2 (t ) 





h1
 h21



 .  = .
 . 
 .
.
.
yN (t )
hN1
  


h12
h2

..
.

···
···
..
.

hN2

···

···
···
..
.

···
···
..
.

h1M
h2M 

hN

···

hNM



y (t )
∼

H

x1 (t )
 x2 (t ) 


w1 (t )
 w2 (t ) 
 

×
 ..  +  ..  .
.
.
xM (t )
wN ( t )
     




x (t )
∼



.. 

.




(3)

w(t )
∼

We simply denote the matrix in (3) by
y(t ) = H x(t ) + w(t ).
∼
∼

∼

(4)

Here, hij denotes the synaptic channel weight from the
input terminal, i.e., the presynaptic terminal, where the
signal transmitted to the output terminal, i.e., the postsynaptic terminal, is denoted by xj (t ), and the received signal
is denoted by yi (t ). The synaptic weight hij depends on the
physiological characteristics of the neuron and synapse.
Thus, it is adaptive. We incorporate the physiological parameters as follows:
Pj βj vij , where βj is a variable taking the value of
either +1 or −1 to represent whether the presynaptic
terminal is excitatory or inhibitory, respectively.

• hij =





Here, we need to investigate the variation of vij to characterize the synaptic MIMO channel. The STDP mechanism
adjusts the synaptic strengths depending on the I/O spike
timings.
In Fig. 2, a realistic model for the overall synaptic MIMO
channel is shown, where x(t )’s and y(t )’s are the signals at the pre- and postsynaptic terminals, and the terminal nodes inside the synaptic channels release vesicles
containing neurotransmitter molecules, which are then
diffused through the channel and received by the postsynaptic terminal receptors. More than one (pre- and/or
postsynaptic) terminal could be included in the synaptic
channels.
3. Synaptic MIMO channel ergodic capacity
In the synaptic MIMO channel model, since the postsynaptic receptors are notably sensitive to the membrane
potential, and can detect the postsynaptic calcium transients [8], we need to emphasize the fact that the channel
state information (CSI) is available to the receiver. Hence,
the time-varying channel with adaptive matrix H is known
at the receiver. However, we cannot assume that the transmitter side knows the channel. Therefore, we investigate
the ergodic capacity of the synaptic MIMO communication
channel using the channel state information at the receiver

134

D. Malak et al. / Nano Communication Networks 4 (2013) 131–141

(CSIR), where ergodic capacity defines the maximum rate,
averaged over all channel realizations, that can be transmitted over the channel for a transmission strategy based
only on the distribution of H. This leads to the transmitter optimization problem, i.e., finding the optimum input
covariance matrix to maximize ergodic capacity subject to
the transmit power constraint. Mathematically, the problem is one of characterizing the optimum R x to maximize
∼



C =

max

R x :Tr(R x )≤ρ
∼
∼



EH B log det IMr + HR x H|



∼

.

(5)

In (5), the expectation is with respect to the distribution of
the channel matrix H.
The optimum input covariance matrix that maximizes
ergodic capacity for the Zero Mean Spatially White (ZMSW)
model is the scaled identity matrix R x = (ρ/Mt )IMt ,
∼

i.e., the transmit power is divided equally among all the
transmitters, and independent symbols are sent over the
different transmitters [9]. Thus, the ergodic capacity is
given by





C = EH B log det IMr +

ρ
Mt

|



HH

.

(6)

Since in a synaptic communication channel, the channel
weights change adaptively as described in Section 3, we
can use the ergodic capacity description in (6) to characterize the synaptic MIMO channel performance.
Discretizing the CT signals in Section 2, we obtain the
corresponding discrete time (DT) signals at the synapse
input and output and the synaptic channel noise, respectively, as follows:



x 2 [ n]

···

xM [n]



y2 [n]

···

yN [n]

x [ n] = x 1 [ n]

∼

y [ n] = y 1 [ n]

∼

w[n] = w1 [n]
∼



w2 [n]

···

|

|

|
wN [n] .

(7)

As discussed previously, the channel matrix for the
synaptic MIMO communication channel is time varying.
The adaptive synaptic weight change algorithm is detailed
in [6]. The presynaptic inputs, postsynaptic outputs and the
synaptic MIMO channel matrix at time n are denoted as
x[n], y[n], and Hn , respectively. Furthermore, w[n] stands
∼
∼
∼

for the synaptic MIMO channel noise at time n, which is
normal distributed with covariance matrix Cw[n] = σw2 IN .

h1 [n]
 h21 [n]

..
.
hN1 [n]

Hn = 


h12 [n]
h2 [n]

..
.
hN2 [n]

···
···
..
.
···

h1M [n]
h2M [n] 

.


(10)

where A+ and A− , which are both positive, determine the
maximum amounts of synaptic modification when δ t is
close to zero [10]. The parameters τ+ and τ− determine the
ranges of pre-to-postsynaptic InterSpike Intervals (ISIs)
over which synaptic strengthening and weakening occur.
In this paper, to be consistent with [10], we choose τ =
τ+ = τ− = 20 ms, and A+ = 0.005 and A− = 1.05A+ ,
respectively.
If there is no AP, the synaptic channel conductances, i.e.,
gex and gin , decay exponentially. Hence, when there is no
presynaptic AP, both decay exponentially as
gex = exp(−t /τEX )
gin = exp(−t /τIN ),

(11)

where τEX and τIN are the excitatory and inhibitory synaptic
time constants, respectively [10].
Hence, the iterative relation between Hn+1 [ij] and
Hn [ij], i.e., the relation between the entries of the n + 1th
and nth time instant channel response matrices denoted
by Hn+1 and Hn , respectively, can be written as
Hn+1 [ij] = Hn [ij]e−αij [n]n + g βij [n] ,





∀i ∈ {1, . . . , N }, ∀j ∈ {1, . . . , M },

(12)

where αij [n] and βij [n] are jointly distributed random
variables that show whether an AP is generated or not,
respectively. As the probability of AP generation is very low
at small time intervals, we can approximate e−αij [n]n by
e−αij [n]t ≈ 1 − αij [n]n.

(13)

Hence, we can approximate Hn+1 [ij] as
Hn+1 [ij] ≈ Hn [ij](1 − αij [n]n) + g βij [n] .





(14)

Extending the approximation in (14) to the matrix form,
we get
Hn+1 ≈ Hn − nf (Hn ) + Bn ,

(15)

where f ( · ) is a linear
  function
 that maps Hn [ij] to
Hn [ij]αij [n], and Bn = g βij [n] N ×M matrix contains the

pαij [n]|γij [n] (αij [n]|γij [n] = 0) = δ[αij [n] − 1]



..
.

if δ t < 0
if δ t ≥ 0,

(9)

where Hn matrix in (8) is denoted as



A+ exp(δ t /τ+ )
−A− exp(−δ t /τ− )



(8)

The following describes the input–output relation for the
synaptic MIMO channel:
y[n] = Hn x[n] + w[n],
∼
∼

g (δ t ) =

g βij [n] entries.
Let γij [n] be the random variable denoting whether an
AP is generated or not at time instant n, where γij [n] = 1
denotes the generation of an AP. When γij [n] = 1, αij [n] =
0, and the variation of the channel weight is uniform
distributed, and hence is βij [n]. On the other hand, when
γij [n] = 0, as the channel weight decreases exponentially,
αij [n] = 1, and βij [n] = 0. Hence, the conditional
probabilities are given as

∼

∼

an AP is generated, then the synaptic weights are updated
according to the timing of the AP, which is uniform distributed [6]. Hence, the change in the synaptic weights can
be determined as a function g (δ t ) of a uniform distributed
random variable δ t. g (δ t ), i.e., the percentage of modification, can be described as follows

hNM [n]

Inspired from the adaptive algorithm described in [6], we
incorporate the STDP mechanism in synapses as follows. If





pαij [n]|γij [n] (αij [n]|γij [n] = 1) = δ[αij [n]]
pβij [n]|γij [n] (βij [n]|γij [n] = 0) = δ[βij [n]]

βij [n]|γij [n] = 1 ∼ fβij [n]|γij [n]=1 = U (−τ , τ ),

(16)
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where p(γij [n] = 1) = p. Using (16), the marginal
probabilities for αij [n] and βij [n] are obtained as

Using (15), the information entity for the next iteration can
be calculated as

pαij [n] (αij [n]) = δ[αij [n] − 1](1 − p) + δ[αij [n]]p

x[n + 1]; y[n + 1])
I (∼

pβij [n] (βij [n]) = δ[βij [n]](1 − p) + fβij [n]|γij [n]=1 p.

∼

(17)

Therefore, we can determine the expected values of αij [n]
and βij [n] as
E αij [n] = E αij2 [n] = 1 − p









E βij [n] = 0.





(18)

Hence, using (14), we can determine the following relation
between the entries of Hn+1 and Hn as follows:
E[Hn+1 [ij]] ≈ E[Hn [ij]](1 − (1 − p)n)

∼

 

+ E g βij [n] ,
(19)
 

 

where E g βij [n]
̸= g E βij [n] since g ( · ) is not
 

 

linear, and E g βij [n]
≥ g E βij [n] for βij [n] < 0,
 

 

and E g βij [n] ≤ g E βij [n] for βij [n] > 0, and using
(15), the relation between Hn+1 and Hn is obtained as
E[Hn+1 ] ≈ E[Hn ] − nf (E[Hn ]) + E[Bn ],

(20)

∼


2

R y [n] = E y[n] y[n]|

(−nf (Hn ) + Bn )|


+ σw−2 (−nf (Hn ) + Bn ) R x [n] (−nf (Hn ) + Bn )| . (25)
We simply use Cn and Dn to denote
Cn = σw−2 Hn R x [n] H|n + IN ,
∼
Dn = σw−2 (−nf (Hn ) + Bn ) R x [n] H|n
∼

+ σw−2 (−nf (Hn ) + Bn ) R x [n]



∼

× (−nf (Hn ) + Bn )| .

∼



= E (Hn ∼x[n] + w
[n])(Hn ∼x[n] + w
[n])|
∼
∼




= E Hn ∼x[n] ∼x[n]| H|n + E w
[ n] w
[ n] |
∼
∼



= Hn R x [n] H|n + σw2 IN .

x[n + 1]; y[n + 1]) = B log det [Cn + Dn ] .
I (∼
∼

The capacity expression for the I/O relation in (8) is
x[n]; y[n]) = max I (x[n]; y[n])
C (∼
∼
p( x [n])
∼

∼

∼





≥H (w[n])

(22)

Hence, calling Cn = P, Dn = RT, R = Qn 1n , and T = Qn ,
(27) can rewritten as
x[n + 1]; y[n + 1]) = B log det [Cn ]
I (∼



∼

∼



1
+ B log det IN + Q|n C−
n Qn 1n .

x[n] and y[n] is calculated as
The information between ∼
∼





x[n]; y[n]) = B log det σw−2 Hn R x [n] H|n + IN ,
I (∼
∼

∼

(23)

where B is the bandwidth of the synaptic channel. The
MIMO channel capacity is achieved by maximizing the
mutual information over all input 
covariance matrices
R x [n] satisfying the power constraint n Tr(R x [n] ) = ρ as
∼

∼

∼

×

n

Tn

n=1

∼


log det

(28)
|

p( x [n])
∼

max
R x [n] : Tr(R x [n] )≤ρ

(27)

Dn is a real symmetric matrix, which can be diagonalized
|
as Dn = Qn 1n Qn , where Qn is an orthogonal matrix.
Furthermore, for any invertible matrix P,
det(P + RT) = det(P) det(IN + TP−1 R).

∼

= max H (y[n]) − H (y[n]| ∼x[n]) .

C =

(26)

Hence, (25) can be rewritten as

(21)

∼

∼

∼

+ σw−2 Hn R x [n]
∼

∼



∼

(−nf (Hn ) + Bn ) R x [n] H|n

+ σw−2 Hn R x [n] (−nf (Hn ) + Bn )|

w[n] ∼ N 0, σw .
∼

∼

+ σw−2

∼

using the linearity property of f ( · ) function.
To characterize the capacity of the synaptic communication channel, we also investigate the autocorrelation
x[n] and y[n]. Here, we note that
functions (ACF)s for ∼





= B log det σw−2 Hn+1 R x [n+1] H|n+1 + IN
∼

≈ B log det σw−2 (Hn − nf (Hn ) + Bn ) R x [n+1]
∼

× (Hn − nf (Hn ) + Bn )| + IN

= B log det σw−2 Hn R x [n] H|n + IN

B

∼

x[n + 1]; y[n + 1])
I (∼
∼

= I (∼x[n]; y[n])
∼

+ B log det

Tn

σw−2 Hn R x [n] H|n
∼

Hence, the information between the synaptic inputs and
outputs at the time instant n + 1 can be iterated using
x[n]; y[n]) as
I (∼



σw−2 Hn R x [n] H|n
∼

−1
+ IN





+ IN .

Q|n

(24)

× Qn 1n + IN .

(29)
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We aim to find the information capacity of the synaptic
x; y), as
MIMO communication channel, denoted by C (∼

continuous. Hence, we obtain the synaptic channel information as

follows

I (X ; Y ) = H (Y ) − H (Y |X ) = H (X ) − H (X |Y ).

∼

x; y) = max I (x; y) = max H (y) − H (y | x),
C (∼
∼
∼
p( x )
∼

∼

p( x )
∼

∼

∼

(30)

∼

  
≥H (w)
∼

x) denotes the probability density function (pdf)
where p(∼
x. Here, we assume that the channel noise vector at each
of ∼
time instant is distributed independently of each other.
Hence,


x; y) ≤ max
C (∼
p( x )
∼

∼

H (y) −

Tn


∼



H w
[n]
∼




.

(31)

n =1

Here, we divide the time axis into discrete time bins of duration 1τ , which is determined using the bandwidth of the
synaptic communication channel, i.e., B. We choose 1τ =
1/B, which is required for the spike train to be resolvable.
Hence, a spike train can be represented as a series of binary
digits, where 1 denotes a spike in the time bin, and a 0 denotes no spike as can be seen in Fig. 3. Imagining a very
long string, of total duration T , so that there N = T /1τ
bins. With a very long string, there will be N1 = pN 1’s, and
N0 = (1 − p)N 0’s, and by definition p = r̄ 1τ . The number
of possible strings is just the number of different ways of
arranging N1 1’s and N0 0’s. Hence, the input entropy is

x[n], R x = R x [n] , i.e., x[n] is wide-sense
Assuming, for all ∼
∼
∼

∼

stationary, and using the iterative relation for the synaptic
channel information in (29), the capacity of the synaptic
MIMO channel can be calculated as
x; y ) =
C (∼
∼

=

max

R x [n] : Tr(R x [n] )≤ρ
∼
∼
n

max

lim

x; y )
I (∼

R x [n] : Tr(R x [n] )≤ρ Tn →∞
∼
∼
n

max

R x [n] : Tr(R x [n] )≤ρ
∼
∼
n

Tn
1 

Tn →∞


×

|
Qi



Tn n=2 i=1

T n n =1

x[n]; y[n])
I (∼



N1 !N0 !

.

(35)

Hence, we can reorganize (34) by using the Fano’s inequality. Hence, for any estimator X̂ such that X → Y → X̂

log det

−1
+ IN

I (X ; Y ) ≥ log


Qi 1i + IN

.

(32)

4. Achievable rate at the synaptic MIMO channel
In Section 3, we provide a formula to calculate the
capacity of the MIMO synapse. However, in reality, the
signal at the input of the synaptic terminal, i.e., x[n], is a
spike train. Unlike in Section 3, where we assume that x[n]
has a Gaussian distribution, in this section, we assume that
the spike train x[n] is a Poisson arrival process.
In this section, we approach the channel capacity problem from a different perspective. We simplify the analysis
by converting the input into a spike counting process, i.e.,
if a spike occurs, the input is 1, otherwise, the input is 0.
As explained in [11], the entropy of a spike count process
is shown to be
H (Spike count) ≤ log(1 + ⟨n⟩)

+ ⟨n⟩ log(1 + 1/⟨n⟩) bit,

(36)

where p(e) = Pr(X̂ ̸= X ) denotes the probability of
error, and |X| denotes the source set cardinality [12]. In
Section 5, we calculate the error probability, i.e., p(e), by
detecting the postsynaptic response signals. Using (34),
(36) and (35), the mutual information I (X ; Y ) can be shown
to be

∼

∼

σw−2 Hi R x H|i
∼

N!

H (X |Y ) ≤ H (X |X̂ ) ≤ H (e) + p(e) log(|X| − 1),

x[1]; y[1])
I (∼

Tn 
n −1
B 

+ lim

H (X ) = log



∼


=

(34)

(33)

where ⟨n⟩ is the mean spike count in a window of size T .
The RHS of (33) is obtained when the input distribution
is chosen to be an exponential distribution, i.e., p(n) ∼
exp(λn), where λ = ln |1 + (r̄T )−1 | is set by the mean
firing rate r̄.
The process of spike counting is a discrete process.
The channel input is susceptible to AWGN noise, which is



N!
N1 !N0 !



− H (e) − p(e) log(|X| − 1), (37)

which will be utilized in Section 6 to evaluate the synaptic MIMO channel performance. X and Y are binary
random variables denoting the AP generation at the presynaptic neuron and the EPSP generation at the postsynaptic
terminal by Y , respectively, in Section 5.
We define the error random variable as


E=

1
0

if X̂ ̸= X ,
if X̂ = X .

Hence, H (E ) = H (p(e)) = −p(e) log p(e) − (1 − p(e))
log(1 − p(e)).
5. Receiver design for synaptic channels
We need to design a threshold detector to detect the
transmitted bits. For this purpose, first in Section 5.1,
we consider the synaptic single-input single-output (SISO)
communication channel.
5.1. Receiver design for synaptic SISO channel
The input to the synaptic SISO channel is a string of 0
and 1 bits. This discrete input is susceptible to synaptic
AWGN noise W with W ∼ N (0, σ 2 ), which is continuous.
However, the synaptic channel also weights the input
signal with h, and the channel state is available to the
receiver. Hence, the synaptic channel output becomes
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Fig. 3. Binary representation of spike trains.

Fig. 4. p(y) for the synaptic SISO channel, and threshold design at the receiver neuron.

continuous. For a given X , Y is Gaussian with mean hxk and
variance σ 2 . Hence,
2

(y−hxk )
1
−
2σ 2
.
p(y|X = xk ) = √
e
2π σ

(38)

∞

p(y|xk )p(xk ) log



p(y|xk )



p(y)

dy,

(40)

where p(y) =
k=0 p(y|xk )p(xk ). For such a channel, the
capacity becomes

1

C = p(1)

∞



p(y|1) log



−∞

+ p(0)



∞

p(y|0) log
−∞

Vth

e

− (y−h2)

2

2σ



dy = 0.

(43)

−∞

∗
Hence, the optimum Vth
is obtained as

−∞

k=0

dy

Vth



2π σ

(39)

For such a channel, to determine the threshold at the output, we consider the following capacity expression

p(x)

2π σ

p(1)

y2
2σ 2

−

e

+√

2
1
− (y−h)
p(y|1) = √
e 2σ 2 .
2π σ

1 


∞



√

dVth

2
1
− y
p(y|0) = √
e 2σ 2 ,
2π σ

p(0)



d

Therefore,

C = max

p(0|1) is the probability of non-detected spike given that
the neuron is fired, i.e., the probability of miss detection.
The solution for the optimization problem in (42) can be
found by taking its derivative and equating to 0 as follows:

p(y|1)

p(y|0)
p(y)

h
2

+

σ2
h


ln

(41)

where the probabilities are defined as p(1) = r̄ 1τ and
p(0) = 1 − r̄ 1τ , in the synaptic SISO channel. The capacity
of this channel hence, can be calculated using (41).
Hence, for the best decision at the receiver, we should
optimize the receiver performance by choosing an optimum threshold as shown in Fig. 4 to minimize the receiver
error. Hence, we should find the solution for
min{p(e)} = min{p(1|0)p(0) + p(0|1)p(1)},

(42)

where p(1|0) is the probability of detecting a spike given
there is no spike, i.e., the probability of false alarm, and

,

 ∗ 
1
V
− erf √ th
2
2
2σ


 ∗
1
1
Vth − h
+ (r̄ 1τ )
+ erf √
,
2
2
2σ

dy
dy,

p(1)



(44)

p(e) = p(1|0)p(0) + p(0|1)p(1)

= (1 − r̄ 1τ )


p(0)

assuming that CSI is available to the receiver. Therefore, we
∗
assume that the receiver neuron has a threshold at Vth
to
minimize the received signal error probability. Thus, the
detection error probability can be found as



p(y)



∗
Vth
=



1

(45)

using the definition of the error function as erf(x) =
√2
π

x
0

2

e−t dt.

Now, we generalize this result to the synaptic MISO
channel in Section 5.2.
5.2. Receiver design for synaptic MISO channel
In this section, instead of generalizing the synaptic SISO
channel to synaptic MISO channel, we specially focus on a
specific channel case where there are three inputs (M = 3)
and one output (N = 1). In this case, to make a more realistic analysis compared to synaptic SISO channel, where a
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Fig. 5. p(y) for the synaptic MISO (M = 3) channel, and threshold design at the receiver neuron.

single AP is not enough to generate an EPSP, but an mEPSP,
we assume that three APs need to be synchronized to generate an EPSP at the postsynaptic terminal.
The inputs to the synaptic MISO channel are independent strings of 0 and 1 bits. This discrete inputs are susceptible to i.i.d. synaptic AWGN noise W with W ∼ N (0, σ 2 ),
which is continuous. However, the synaptic channel also
weights the input signals X1 , X2 , and X3 with h1 , h2 , and h3 ,
respectively, and the channel state is available to the receiver. Hence, the synaptic channel output becomes continuous.
For the given inputs X1 = i, X2 = j, X3 = k, where
{i, j, k} ∈ {0, 1}, the output Y is Gaussian with mean
h1 i + h2 j + h3 k and variance σ 2 . Hence,

1

2π σ

e

−

(y−(h1 i+h2 j+h3 k))2
2σ 2

.

C = max

p(i,j,k)

i=0 j=0 k=0

× log

k̂ ̸= k|i, j, k)p(i, j, k) ,

p(e|0, 0, 0) = √



1

p(y|i, j, k)

p(y|i, j, k)p(i, j, k)

∞

e

2π σ

Vth

1





−

y2
2σ 2

dy

1

Vth

1

e

−

(y−h3 )2
2σ 2

dy

−∞

∞

+

e

−

(y−h3 )2
2σ 2


dy .

2

Similarly, the other p(e|i, j, k) values can be estimated and
the total error probability can be calculated as
p(e) =

∞

(48)

where î, ĵ and k̂ are the receiver estimates for the inputs
i, j and k determined using the thresholds illustrated in
Fig. 5. Hence, the conditional error probabilities p(e|i, j, k)’s
is calculated as

Vth

1 
1 
1 






(46)

For the synaptic MISO channel, to determine the thresholds
at the output, we consider the following capacity expression

p(î ̸= i, ĵ ̸= j,

i,j,k

p(e|0, 0, 1) = √
2π σ

p(y|X1 = i, X2 = j, X3 = k)

= √

= min




1 
1 
1


p(i, j, k)p(e|i, j, k).

(49)

i=0 j=0 k=0

−∞



p(y)

dy,

(47)

where p(y) =
i =0
j=0
k=0 p(y|i, j, k)p(i, j, k).
We implement an error analysis for these scheme also
to characterize the receiver performance. In the synaptic
MISO channel case, these probabilities are p(1) = r̄ 1τ ,
and p(0) = 1 − r̄ 1τ for each of the Mt inputs. Hence, for
the best decision at the receiver, we should optimize the
receiver performance by choosing optimum thresholds to
minimize the receiver error. For a synaptic channel with
M = 3 and N = 2, there should be 2M − 1 = 7 thresholds
at each receiver neuron, as illustrated in Fig. 5. Hence, we
should find the solution for

1 1 1

The solution for the optimization problem in (48) can be
found by taking its derivative with respect to Vthi ’s, and
equating to 0. Hence, we determine the optimal thresholds
∗
Vth
’s by solving dVd p(e) = 0. Hence,
i
thi

∗
Vth
=
1
∗
Vth
2
∗
Vth
3
∗
Vth
4


min{p(e)} = min 1 −



p(î = i, ĵ = j,

i,j,k


k̂ = k|i, j, k)p(i, j, k)

∗
Vth
5

h3

+

σ

2


ln

p(0, 0, 0)



p(0, 0, 1)


σ2
p(0, 0, 1)
=
+
ln
2
h2 − h3
p(0, 1, 0)


h1 + h2
σ2
p(0, 1, 0)
+
ln
=
2
h1 − h2
p(1, 0, 0)
σ2
(h2 + h3 ) + h1
=
+
2
 ( h2 + h3 ) − h1
p(1, 0, 0)
× ln
p(0, 1, 1)
( h1 + h3 ) + ( h2 + h3 )
=
2


σ2
p(0, 1, 1)
ln
+
(h1 + h3 ) − (h2 + h3 )
p(1, 0, 1)
2

h3

h2 + h3
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∗
=
Vth
6

(h1 + h2 ) + (h1 + h3 )
2

+
∗
=
Vth
7
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σ2
p(1, 0, 1)
ln
(h1 + h2 ) − (h1 + h3 )
p(1, 1, 0)

(h1 + h2 + h3 ) + (h1 + h2 )
2

σ2
(h1+ h2 + h3 )− (h1 + h2 )
p(1, 1, 0)
× ln
.
p(1, 1, 1)

+

(50)

We assume that the receiver neuron has thresholds at
∗
, Vth∗ 2 , . . . , Vth∗ 7 values to minimize the
the optimum Vth
1
received symbol error probability.
The detection error probability can be found by inserting the thresholds calculated in (50) into the error probability expression in (49). In this analysis, we also assume
that the inputs satisfy the following constraints since they
are independent.
p(i, j, k) = p1 (i)p2 (j)p3 (k),

i, j, k ∈ {0, 1},

(51)

where p1 (i), p2 (j) and p3 (k) are the input probability mass
functions for M = 3. Since the spike generation probabilities are very low, E[p(0)] = 1 − r̄ 1τ ≫ E[p(1)] = r̄ 1τ .
A lower bound for the communication rate of the synaptic MISO channel can be calculated using the spike count
process described in Section 4. Hence, using (35)–(37) and
(49), a lower bound for the synaptic MISO channel rate is
found as


CL1 ≥



M

N!

log
− h(p⟨N ⟩ (e))

N δτ  k=1
Nk !N0 !
1







− p⟨N ⟩ (e) log   M
 


N!

−
1 , (52)
 

M


Nk ! N −
Nk !

k=1

k=1

where the lower bound for the capacity of the channel is
found by using the channel N times, and p⟨N ⟩ (e) = 1 −
(1 − p(e))N , and Nk denotes the number of APs in the kth
presynaptic input terminal. Hence, h(p⟨N ⟩ (e)) = −(1−(1−
p(e))N ) log(1 − (1 − p(e))N ) − (1 − p(e))N log((1 − p(e))N )
M
is the error entropy for N trials. Here, k=1 Nk denotes the
total number of APs at the presynaptic input terminals.
Moreover, H (X ) can be determined independent of (35)
by using the time-dependent characteristics of the inputs
and the AP generation probabilities. The spike generation
probability at kth input, i.e., pk (1), can be determined and
hence, pk (0) = 1 − pk (1). Thus, we determine the lower
bound for the synaptic MISO communication channel rate
as
CL2 ≥

1


M


δτ

k=1

H (pk ) − H (p(e))


− p(e) log(2 − 1) ,
M

(53)

Fig. 6. Ergodic capacity for the synaptic communication channel.

where H (pk ) = −pk (1) log(pk (1)) − (1 − pk (1)) log(1 −
pk (1)) is the kth presynaptic input entropy. We use (53)
in Section 6 to characterize the lower rate region for the
synaptic MISO channel.
6. Performance analysis
In this section, first, we analyze the performance of the
synaptic communication channel using the ergodic capacity expression developed as in (6) and the adaptive algorithm described in Section 3. The ergodic capacity of
the synaptic communication channel for different symbol
times are given in Fig. 6. These rate values are strikingly
high compared to the actual achievable rates of the synaptic communication [3], as we assume random Gaussian
channel inputs to achieve the ergodic capacity. However,
these values cannot be achieved with actual synaptic inputs, which are Poisson distributed.
We analyze the synaptic MIMO channel ergodic capacity with respect to different presynaptic neuron firing (AP)
rates λj ’s and for varying Mt and Mr . The ergodic capacity for the synaptic channels with different number of neuron terminals is illustrated in Fig. 7. This analysis can also
be easily extended to observe the effect of the number of
excitatory and inhibitory presynaptic connections and the
synaptic noise variance.
As the synaptic inputs are Poisson distributed, the actual achievable rate of the synaptic channel is less than
the ergodic capacity. To quantify this, we calculate the decoding error probability at the receiver side for the postsynaptic terminals, from which we evaluate a bound for the
achievable rate using the technique presented in Section 5.
Correct decoding probability depends on the correct placement of the thresholds at the receiver. Since the neurons
can easily detect the molecular (neurotransmitter) concentrations via receptors at their postsynaptic terminals, they
are highly sensitive to the AP timings, and we assume that
the CSI is available at the receiver. We analyze the error at
the receiver depending on the noise levels at the synapses,
thresholds on the synaptic channel strength samples, i.e.,
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Fig. 7. Ergodic capacity for the synaptic communication channel for
different number of neuron terminals.

Fig. 8. Decoding error probability for the synaptic communication
channel.

hij [n]’s, where we assume an optimal detection scheme at
the receiver side. The error performance of the synaptic
MISO channel system for different presynaptic rates is illustrated in Fig. 8. Using this technique, as the presynaptic
rate increases, the detection performance decays since the
input entropy gets higher.
For the lower bound calculated in Section 5 in (53), we
investigate the performance of the synaptic MISO channel
for different input firing rates. The time-dependent lower
rate bound expression for the synaptic MISO channel
mutual information with the AP firing rate dependence is
shown in Fig. 9. As the firing rate λ increases, the mutual
information becomes higher since for a constant symbol
duration, the average number of high bits transmitted via
the channel increases and the input entropy enhances.
We also analyze the time variation of mutual information between the synaptic channel inputs and channel output for variable symbol time durations, denoted as
δτ , which is illustrated in Fig. 10. For high symbol durations, as the probability of spike generation at each symbol

Fig. 9. Mutual information for the synaptic MISO communication
channel depending on AP rates.

Fig. 10. Mutual information for the synaptic MISO communication
channel depending on the symbol times.

increases, the error probability at the receiver side drops
and the average rate increases. However, as the symbol
duration gets smaller, the mutual information in bits/s
becomes more spiky with respect to time as the input
state changes faster, and the AP detection mechanism become more erroneous. Furthermore, as the input entropy
in smaller symbol durations is less, the average mutual information drops. From the figure, we also observe that if
the symbol duration decreases much, the average information starts to increase since it is inversely proportional to
the symbol time.
7. Conclusion
Synaptic communication has a very crucial role in learning and memory processes. In this paper, we investigate
the performance of the synaptic MIMO communications in
terms of postsynaptic rate. We provide a lower bound for
the synaptic MISO channel to characterize the achievable
performance in terms of communication rate, and analyze
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the decoding error in synaptic communication. Our analysis can be extended to analyze the rate bounds of general
multi-terminal networks of pre- and postsynaptic neurons.
For the models of the neuro-spike communication
channels described, the synaptic transmission performance can be analyzed by incorporating the role of
presynaptic input correlation. Additionally, the multiuser
interference in synaptic communication channel could be
investigated. Possible open issues for the synaptic MIMO
channel include the effect of incorporation of correlation among the synaptic channel inputs on the postsynaptic throughput, and elaborated analysis of interference
among multi-terminal neuronal connections as well as incorporating the roles of excitatory and inhibitory synapses
on the plasticity and interference. Future issues include
the extension of the presented models to synaptic multiterminal channels and larger nervous nanonetworks to
investigate the overall network performance, the development of models for axonal channel realizations, and
understanding the relations between the multi-terminal
neuronal networks and neuronal disorders.
Acknowledgments
This work was supported in part by the Turkish Scientific and Technical Research Council Career Award under grant #109E257 and by the Turkish National Academy
of Sciences Distinguished Young Scientist Award Program
(TUBA-GEBIP) and by IBM through IBM Faculty Award.

141

[7] B.L. Sabatini, W.G. Regehr, Timing of synaptic transmission, Annual
Review of Physiology 61 (1999) 521–542.
[8] P. Paoletti, J. Neyton, NMDA receptor subunits: function and
pharmacology, Current Opinion in Pharmacology 7 (1) (2007) 39–47.
[9] A. Goldsmith, Wireless Communications, Cambridge Univ. Press,
Cambridge, UK, 2009.
[10] S. Song, K.D. Miller, L.F. Abbott, Competitive Hebbian learning
through spike-timing-dependent synaptic plasticity, Nature Neuroscience 3 (2000) 919–926.
[11] F. Rieke, D. Warland, R. de Ruyter van Steveninck, W. Bialek, Spikes:
Exploring the Neural Code, MIT Press, Cambridge, MA, 1999.
[12] T. Cover, J. Thomas, Elements of Information Theory, John Wiley &
Sons, Inc., New Jersey, 2006.

Derya Malak received her B.S. degree in Electrical and Electronics Engineering from Middle East
Technical University, Ankara, Turkey, in 2010.
She is currently a research assistant in the Nextgeneration and Wireless Communication Laboratory and received her M.S. degree at the
Department of Electrical and Electronics Engineering, Koc University. Her current research
interests include nanoscale and intra-body
molecular communications, and network information theory.
Murat Kocaoglu received his B.S. degree in Electrical and Electronics Engineering with a minor
in Physics from Middle East Technical University, Ankara, Turkey in 2010, and M.S. degree in
Electrical and Electronics Engineering at Nextgeneration and Wireless Communications Laboratory, from Koc University, Istanbul, Turkey in
2012. His research interests include nanoscale
communications, energy efficient channel and
network coding and information theory.

References
[1] E. Balevi, O.B. Akan, A physical channel model of nanoscale neurospike communication, IEEE Transactions on Communications 61 (3)
(2013) 1178–1187.
[2] A. Jabbari, et al. On the modeling of a nano communication network
using spiking neural architecture, in: Proc. IEEE ICC, June 2012,
pp. 6193–6197.
[3] D. Malak, O.B. Akan, A communication theoretical analysis of
synaptic multiple-access channel in hippocampal-cortical neurons,
IEEE Transactions on Communications 61 (6) (2013) 2457–2467.
[4] D.A. Gibson, L. Ma, Developmental regulation of axon branching in
the vertebrate nervous system, Development 138 (2011) 183–195.
[5] S.F. Cooke, T.V.P. Bliss, Plasticity in the human central nervous
system, Brain 129 (May) (2006) 1659–1673.
[6] D. Malak, O.B. Akan, Adaptive weight update in cortical neurons and
estimation of channel weights in synaptic interference channel, IEEE
Transactions on Communications (2013) under revision.

Ozgur B. Akan received his Ph.D. degree in
Electrical and Computer Engineering from the
Broadband and Wireless Networking Laboratory, School of Electrical and Computer Engineering, Georgia Institute of Technology in 2004.
He is currently a Full Professor with the
Department of Electrical and Electronics Engineering, Koc University and the director of the
Next-generation and Wireless Communications
Laboratory. His current research interests are in
wireless communications, nanoscale and molecular communications, and information theory. He is an Associate Editor
of IEEE Transactions on Communications, IEEE Transactions on Vehicular Technology, International Journal of Communication Systems (Wiley),
and Nano Communication Networks Journal (Elsevier). He served as General Co-Chair of ACM MOBICOM 2012, IEEE MoNaCom 2012, and TPC CoChair of IEEE ISCC 2012.

