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Abstract—Communication between neurons occurs via transmission of neural spike trains through junctional structures,
either electrical or chemical synapses, providing connections
among nerve terminals. Since neural communication is achieved
at synapses, the process of neurotransmission is called synaptic
communication. Learning and memory processes are based on
the changes in strength and connectivity of neural networks
which usually contain multiple synaptic connections. In this
paper, we investigate multiple-access neuro-spike communication
channel, in which the neural signal, i.e., the action potential,
is transmitted through multiple synaptic paths directed to a
common postsynaptic neuron terminal. Synaptic transmission is
initiated with random vesicle release process from presynaptic
neurons to synaptic paths. Each synaptic channel is characterized
by its impulse response and the number of available postsynaptic
receptors. Here, we model the multiple-access synaptic communication channel, and investigate the information rate per spike at
the postsynaptic neuron, and how postsynaptic rate is enhanced
compared to single terminal synaptic communication channel.
Furthermore, we analyze the synaptic transmission performance
by incorporating the role of correlation among presynaptic
terminals, and point out the postsynaptic rate improvement.
Index Terms—Synaptic multiple-access channel, neuro-spike
communication, synapse, achievable rate.

I. I NTRODUCTION

M

OLECULAR communication is a new communication paradigm in which molecules are the information
carriers [1]. Some examples of molecular communication
mechanisms are calcium signaling [2], pheromones and neurotransmitters [1].
In the literature, different molecular network architectures
are proposed to realize the communication between nanomachines that can be deployed over different distances. In [3],
flagellated bacteria and catalytic nanomotor techniques are
proposed to cover the medium-range. In addition, there are
various molecular communications options for short range
[4], and long range [5]. Although neural signaling has a
long history initiated from the Hodgkin’s pioneering work [6],
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among all molecular communication paradigms, neuro-spike
communication that uses the neurotransmitters as information
carriers has not been studied to the fullest extent [7].
There are several studies about the physiological principles
of the neuron. The axonal propagation in the hippocampal
neurons and the reliability of this transmission are investigated
in [8]. The vesicle release process, which initiates the synaptic
transmission in hippocampal neurons is described [9], [10].
These contributions mediate the analysis of neurons from the
perspective of communication theory.
Neuro-spike communication is an interdisciplinary research
area, which combines the fields of neuroscience, communications and nanotechnology. The transferred amount of
information through a synaptic connection has an important
role in learning and memory processes. There has been
some research concentrating on the information transmission
limits over synaptic terminals [11]. In [7], authors investigate
the behavior of neurons as a new nanoscale communication
paradigm and model the end-to-end neural communication
channel. A synaptic communication model is suggested in
[11]. It involves the fundamental events during the synaptic
transmission as different blocks, namely the vesicle release in
response to a spike, Excitatory PostSynaptic Potential (EPSP),
which is the temporary increase in the postsynaptic membrane
potential caused by the flow of positively charged ions into
the postsynaptic cell due to the vesicle release [12], and trialto-trial variability of this potential. The authors derive the
theoretical lower bounds on the capacity of a simple cortical
synapse model by signal estimation and signal detection
paradigms. However, the model is based on point-to-point
synaptic connections. Furthermore, authors employ univesicular release in the model, and do not consider the variability in
vesicle fusion rate on distinct sites of the presynaptic terminal.
In this paper, we investigate the multiple-access communication among hippocampal-cortical neurons occurring via
exchange of molecules through chemical synapses, which
involve neurotransmitters and are far more common and
modifiable compared to electrical synapses that do not involve
neurotransmitters [13]. We perform analysis to observe how
the postsynaptic rate improves with increasing number of
users, i.e., presynaptic terminals. Our main motivation in this
work is that learning and memory processes are based on the
changes in strength and connectivity of neural networks, which
usually contain multiple synaptic connections. Therefore, we
specifically focus on the multi-input single-output neuro-
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spike communication channel characteristics to observe the
tradeoff between multiple users and total rate at the output.
Synaptic plasticity, i.e., the change in the synaptic connection
strengths depending on the presynaptic input strengths and
channel parameters, is the main mechanism behind learning
and memory. Learning occurs through cooperation between
synaptic inputs and the plasticity rules select inputs which have
a strong correlation with other inputs [14]. Synaptic plasticity
contributes to memory storage, and the activity-dependent development of neuronal networks. Thus, we especially focus on
the positive influence of correlation among presynaptic neural
spike trains on the communication rate at the postsynaptic
neuron.
In this paper, we apply existing techniques in communications to analyze the performance of the neuronal channels.
However, we provide a comprehensive mathematical model of
the communication channel including the stochastic behavior
of the input, the action potential generation, dynamic and
stochastic nature of vesicle release process, stochastic nature
of the communication channel. Although the point-to-point
synaptic channel performance is studied in the literature
widely as in [7] and [15], we provide a more comprehensive
neuro-spike communication channel model in Section II. Our
contributions range from incorporation of the stochastic nature
of all the parameters along the communication line into the
dynamic nature of processes, including the random nature of
the input, the communication channel, the quantal variability,
multivesicular release process, pool-based synapse model. In
this paper, we develop a rate region analysis for the multipleaccess communication channel, and show the boosting effect
of the correlation on the sum rate at the channel output.
In addition, incorporation of the effect of correlation among
presynaptic terminals on the postsynaptic rate is also provided
for the first time in the literature. We analytically show that
as the correlation increases, the postsynaptic rate is enhanced.
The remainder of this article is organized as follows. In Section II, we provide the linear-nonlinear-Poisson (LNP) model
of spike generation, vesicle release and postsynaptic response
variability in a link-to-link synaptic communication channel.
In Section III, we extend the single-input single-output channel
model to a multiple-access synaptic communication channel
and obtain the analytical expression for multiuser channel
rate regions. In Section IV, we evaluate the performance of
the multiple-access synaptic communication channel, quantitatively investigate the total information rate per spike at the
postsynaptic neuron for the multiuser communication system,
and compare it to a single terminal synaptic channel. We
conclude the paper in Section V.

Action potential is a short-lasting event in which the electrical membrane potential of a cell rapidly rises and falls, following a consistent trajectory [7]. During the action potential, part
of the neural membrane opens to allow positively charged ions
inside the cell and negatively charged ions out. This process
causes a rapid increase in the positive charge of the nerve fiber.
When the charge reaches +40mV, the impulse is propagated
down the nerve fiber. This electrical impulse is carried down
the nerve through a series of action potentials. Neural firing
is the response of a neuron when it is stimulated. A neuron
that emits an action potential is often said to fire.
Synaptic vesicles store neurotransmitters to be released
at synapses and constantly reproduced by the cells. These
vesicles are essential for conduction of nerve impulses. Action
potentials trigger the complete fusion of the synaptic vesicle
with the cellular membrane, and then, the excretion from the
cell through exocytosis, which is called vesicle release [16].
Postsynaptic potential is the membrane potential at the
postsynaptic terminal of a chemical synapse. In neuroscience,
an EPSP is a temporary depolarization of postsynaptic membrane potential caused by the flow of positively charged ions
into the postsynaptic cell as a result of opening of ligandgated ion channels [12]. An Inhibitory PostSynaptic Potential
(IPSP), which is the opposite of an EPSP, makes a postsynaptic
neuron less likely to generate an action potential. Postsynaptic
response variability is the trial-to-trial amplitude variability of
the postsynaptic response to a vesicular release.
b) Objectives and Methodology: we aim to analyze the
rate region at the postsynaptic terminal when there are multiple
presynaptic terminals. Hence, as the initial step to the rate
region analysis, in this section, we focus on the SISO synaptic
channel characteristics. Therefore, we first explain the firing
and spike generation mechanisms. Then, we provide a model
for vesicle release from presynaptic terminals, and the model
of channel response depending on the trial-to-trial variability
in vesicle release process. To characterize the rate region, we
need to find the power spectral densities (PSDs) of the signal
and noise components at the postsynaptic terminal by incorporating the stochastic characteristics of presynaptic input, neuron terminal, and the synaptic channel parameters. Therefore,
in this section, we provide the main blocks and steps for
analytically obtaining the PSD at the postsynaptic terminal
for the SISO synaptic communication channel, and calculate
the statistical parameters, i.e., the means and variances of the
random variables denoting the action potential rate, vesicle
release processes, quantal variability, which play fundamental
roles on the performance of neuro-spike communication.
A. Neuronal Firing: The Soma Channel

II. M ODEL D ESCRIPTION
In this section, we provide the reader with the essential
background of neural signaling. Then, stating our methodology, we concentrate on the fundamentals of the single-input
single-output (SISO) neuro-spike communication channel.
a) Neural Signaling Background: we provide the essential components of neural signaling. These include action potential generation, neural firing, vesicle release, postsynaptic
potential and postsynaptic response variability.

In a SISO neuron channel model, when a random stimulus,
m(t), is applied to the presynaptic terminal, a spike train, S(t),
is generated at its axon which has a time varying neuronal
firing rate λ(t). In our model, m(t) and S(t) are jointly widesense stationary (jointly WSS), implying that both m(t) and
S(t) are WSS processes, and the cross correlation function
Rm,S (τ ) = E [m(t)S(t + τ )] is independent of t for all τ .
1) Low Pass Filtering: The stimulus m(t), which is a wide
sense stationary (WSS) process, with bandwidth Bm , and
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Fig. 1. A functional model of neural spike responses [17]. In [17], a LinearNonlinear-Poisson (LNP) model for neural responses is proposed, which has
been successfully used to describe the neuronal response characteristics.

autocorrelation function (ACF) Rm (t + τ, t) = Rm (τ ) enters
the hypothetical k(t) filter, which simulates the empirical
characteristics of axonal filtering process. We ignore axonal
noise for simplicity. Hence, the filter response, i.e., v(t), is


1
t
v(t) = m(t) ∗ k(t), k(t) = exp −
U (t).
(1)
C
RC
k(t) is a low-pass filter denoting axonal response. Hence,
k(t) corresponds to the first block of LNP model shown in
Fig. 1. The absolute square of the frequency response of k(t)
R2
, which is later utilized in the
filter is |K(f )|2 = 1+(2πf
RC)2
calculation of the PSD of the generated spike train. Hence,
the ACF of v(t), i.e., Rv (t + τ, t) = Rv (τ ), is obtained as
∞ ∞
Rm (τ − α + β)

Rv (τ ) =
0

0



1
α+β
exp
−
dαdβ,
C2
RC
(2)

which is also a WSS random process since it is obtained by
low-pass (linear) filtering of the stimulus m(t), which is a zero
mean random process. Hence, the PSD of v(t) is obtained as
Sv (f ) = |K(f )|2 Sm (f ) =

R2

2 Sm (f ).

1 + (2πf RC)

(3)

2) Point (Sigmoidal) Nonlinearity: Point nonlinearity
block, the second stage of the LNP model, transforms the
linearly weighted input into an inhomogenous spike rate
function, which is later utilized in Poisson encoder, the
third stage of the LNP model, to generate Poisson impulses
[17]. The inhomogeneous spike rate can be determined as
λ(t) = f (m(t) ∗ k(t)), where f is a sigmoidal nonlinearity,
and is a scalar and continuous function with nonnegative
outputs. In the limit of small time bins, the probability of spike
generation becomes P (Spike) ∝ f (m(t) ∗ k(t)). Considering
the number of arrivals in the time interval Δt, given as k,
which follows
a Poisson distribution with associated parameter

λΔt = Δt λ(t) dt, P rob(k) = e−λΔt λkΔt /k!. In the limit
of very small Δt, P rob(0) = 1 − λ(t)Δt. Hence, the spike
generation probability is given as P (Spike) = λ(t)Δt, which
is proportional to λ(t).
The sigmoidal nonlinearity function is given as
−1

 
,
(4)
f (v(t)) = 1 + exp −a v(t) − v1/2
which is a mapping on v(t) and depends on the constant
parameters a and v1/2 . In [18], authors model the spike
rate for cortical neurons of a monkey, and the sigmoidal
1
nonlinearity curve is fitted with the parameters a = 0.029
◦
◦
and v1/2 = 0.036 and scaled with λmax = 36.03 Hz. These
parameters are also applicable to our analysis.
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The sigmoidal nonlinearity is a result of the saturation of
presynaptic neurons. As the firing rate increases, the synaptic
channel is saturated with available vesicles in the docked pool.
Hence, the number of available vesicles in the docked pool
decreases. In this paper, the neuronal firing rate should be high
enough to avoid zero throughput. Furthermore, we assume that
the synaptic channel could be saturated. However, to simplify
the analysis, we approximate the nonlinear model about the
non-saturated region of the sigmoidal curve by linearizing the
sigmoidal function around f (v(t)) = 0.5λmax , where v(t) =
v1/2 . Hence, we can approximate f (v(t)) as
⎧
2
0
⎪
⎪

 if v(t) ≤ v1/2 − a
⎨
a(v−v1/2 )
f (v) = λmax 12 +
if v(t) − v1/2 ≤ a2 , (5)
4
⎪
⎪
⎩
λmax
if v(t) ≥ v1/2 + a2
where f (v1/2 − a2 ) ≈ 0.12λmax , and f (v1/2 + a2 ) ≈ 0.88λmax .
Therefore, linearizing the output of the sigmoidal nonlinearity
block, we obtain

 

2 − av1/2
av(t)
2
+
λ(t) = λmax
P |v(t) − v1/2 | ≤
4
4
a


2
+ λmax P v(t) − v1/2 ≥
,
(6)
a
where the rate of the Poisson spike generation process changes
linearly, provided that v1/2 − a2 ≤ v(t) ≤ v1/2 + a2 . When
v(t) ≥ v1/2 + a2 , the neuron is saturated and λ(t) = λmax .
Hence, the mean firing rate can be determined as

 

2 − av1/2
2
λ̄ = E [λ] = λmax
P |v(t) − v1/2 | ≤
4
a


2
+ λmax P v(t) − v1/2 ≥
.
(7)
a
We assume that the stimulus to each presynaptic terminal is
normal distributed with zero mean and variance σ 2 . Hence,





g −1 a2 + v1/2
2
1
√
erf
P |v(t) − v1/2 | ≤
=
a
2
σ 2


 
g −1 a2 − v1/2
√
+ erf
σ 2
(8)


 


−1 2
g
2
1
a + v1/2
√
1 − erf
P v(t) − v1/2 ≥
,
=
a
2
σ 2
where g(m(t)) = m(t) ∗ k(t) is a function of the stimulus,
and we assume that g(.) is one-to-one. Hence, the inverse of
g, denoted by g −1 , is the unique function
 with domain equal
to the range of g that satisfies g g −1 (x) = x for all x in the
range of g. Furthermore, as we assume v(t) ≥ v1/2 − a2 (to
prevent firing rate from being zero), we scale the probabilities
in (8) so that they add up to 1. From (6), (7) and (8), we get
λ(t) = λ̄ + λ̄bv(t),
(9)


P |v(t) − v1/2 | ≤ a2 . Using
where b = aλ4max
λ̄
 (9), the ACF

of λ(t) can be determined as Rλ (τ ) = λ̄2 1 + b2 Rv (τ ) .
Hence, the autocovariance function of λ(t) can be obtained
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by subtracting λ̄2 from Rλ (τ ) as Cλ (τ ) = λ̄2 b2 Rv (τ ). The
variance of the spike rate, i.e., σλ2 = Cλ (0), is obtained as
σλ2 = λ̄2 b2 Rv (0) = λ̄2 b2 σv 2 ,

EZ

ϭͬʏ

(10)

ZĞĐǇĐůŝŶŐWŽŽů
;ϭϬͲϭϱйͿ

where σv 2 is the variance of v(t), which is a zero mean WSS
process. Using (7) and (10), the coefficient of variation, i.e.,
the contrast of firing rate, for the spike train can be found as

3) Poisson Encoding: The Poisson spike train at the output
of the presynaptic neuron axon, S(t), can be formulated as
S(t) =

δ(t − ti ) =

i=1

d
dt

N


u(t − ti ) =

i=1

dN (t)
,
dt

where N (t) models an inhomogeneous, i.e., non-constant rate,
Poisson arrival process characterized with rate parameter λ(t),
which is the expected number of arrivals that occur per unit
time.
 t The mean of this Poisson arrival process is E[N (t)] =
0 λ(τ ) dτ . Hence, the average rate for spike generation at the
presynaptic terminal is
dE[N (t)]
.
(12)
dt
The ACF RS (t, s) of the spike train, which is an inhomogeneous Poisson process with rate λ(t), can be calculated using
the ACF of the Poisson spike process, i.e., RN (t, s), as


∂ ∂RN (t, s)
RS (t, s) =
∂t
∂s

⎧ 
t
⎪
∂
⎪
λ(η)
dη
+
λ(s)
if t > s
λ(s)
⎨ ∂t
0


=
t
⎪
∂
⎪
⎩ ∂t
λ(s) λ(η) dη if t < s
λ(t) = S(t) = E[S(t)] =

0

2

2

2

= λ̄ + λ̄ b(v(t) + v(s)) + (λ̄b) v(t)v(s)
+ (λ̄ + λ̄bv(s))δ(t − s).

(13)

However, RS (t, s) is not a WSS random process. Therefore,
it does not make sense to talk about its power spectrum.
Hence, we assume that the process is ergodic, and take its
expectation. The expectation can be replaced by the limit of a
time average. Then, we calculate the autocorrelation of time
averaged process using the result (13), which we interpret as
2

RS̄ (t, s) = λ̄2 + (λ̄b) Rv (t − s) + λ̄δ(t − s),

(14)

which is a WSS process, and we can rewrite (14) as
2

E
E

(11)

cλ = σλ /λ̄ = bσv .

N


ZĞƐĞƌǀĞWŽŽů
;ϴϬͲϵϬйͿ

RS̄ (τ ) = λ̄2 + (λ̄b) Rv (τ ) + λ̄δ(τ ),

(15)

of which we can talk about the power spectrum. The PSD of
RS̄ (τ ), thus, can be found as
 2
(16)
SS̄ (f ) = λ̄ + λ̄b |K(f )|2 Sm (f ) + λ̄2 δ(f ).
Authors in [11] have shown that, the mean firing rate should
be at least three times as large as the standard deviation of
firing rate to ensure linear encoding, for which the probability
that λ(t) is negative is less than 0.01. Hence, the contrast
(the coefficient of variation) of firing rate, i.e., the ratio of the
standard deviation to the mean of the neural firing process,
shoud be less than or equal to 1/3, i.e., cλ ≤ 1/3 condition

ZZW
;ΕϭйͿ
Wƌ;EͿ

Fig. 2.
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The pool-based synapse model.

should be satisfied. Using (11), it is clear that σλ = λ̄bσv
as the rate, i.e., λ(t) is linearly dependent on v(t), which is
a zero mean linear filtered WSS random process. Therefore,
σv ≤ 1/(3b) is the required condition for linear encoding. Due
to the linear relation between m(t) and v(t), we infer that
 2

1
R2
df
≤
.
(17)
σv2 = Sm (f )
3b
1 + (2πf RC)2
Hence, the variance of the presynaptic stimulus should satisfy
the constraint given in (17) to ensure linear encoding.
B. Vesicle Release Model
We use a pool-based synapse model for each presynaptic
neuron to study vesicle depletion and recovery. The vesicle
release process depends primarily on the vesicle pool size and
postsynaptic receptor saturation [16]. In chemical synapses,
some vesicles are docked at the membrane waiting to release
their content upon the arrival of a trigger signal. Others are
stored in the membrane pool, just above the docked vesicles,
being more distant to the cell membrane. Vesicles in the neural
terminal can be grouped into three sub-pools according to
their relative mobilities: the readily releasable pool (RRP), the
recycling pool and the reserve pool, which differ on the basis
of the relative mobility of vesicles in each pool [19]. It takes
the longest to mobilize the vesicles in the reserve pool while
in RRP, vesicles are ready to mobilize upon arrival of a spike.
Let the pool sizes, i.e., the number of vesicles in pools, be
denoted as N , NA − N , and NR , for RRP, the recycling pool
and the reserve pool, respectively. NA is the total vesicle size
in the recycling pool and RRP. The recycling pool is close
to the cell membrane, and tends to be cycled at moderate
stimulation, so that the rate of vesicle release is the same as,
or lower than, the rate of vesicle formation. Once the RRP and
the recycling pool are exhausted, the reserve pool is mobilized
[19]. A pool-based synapse model is illustrated in Fig. 2.
In the pool model shown in Fig. 2, pr (N ) is the release
probability per stimulus, and the available pool is exhausted
with a rate 1/τD . Therefore, the reserve pool should recover
the available, i.e., docked, pool with a time constant τD [16].
Release of single vesicle upon arrival of a spike is governed
by a Poisson process with non-constant presynaptic firing rate
λ(t). Then, the fusion rate, i.e., the rate at which the vesicles
are expelled through exocytosis [16], for a single vesicle is
 Δtk
λ(t) dt,
(18)
αvk =
0
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where the integration is evaluated over the duration of the
presynaptic pulse [16]. In the calculation of αvk , we divide
λ(t) into windows of equal durations. If we choose sufficiently
large number of windows of equal duration, there exists at
most one spike at each window. Discretizing the fusion rate, as
soon as the spike is within a specified window and the window
size is small enough, the fusion rate is the same independent
of at which time point the spike is. This makes sense because
the fusion rate stays constant for a sufficiently small interval.
This is also a realistic assumption since we need to discretize
the time axis in our simulations. In (18), subscript k denotes
the window index, and the integration is from the beginning
of the presynaptic stimulus taken as the time origin till the
end of k th time window of the stimulus denoted as Δtk .
Additional to presynaptic firing rate, the level of activation
of inhibitory auto-receptors, i.e., the receptors located in the
presynaptic membrane that serve as a part of a feedback loop
in signal transduction by inhibiting further release or synthesis
of the neurotransmitters, also affect the fusion rate [16].
Furthermore, the vesicle release probability depends on the
spike-triggered Ca2+ influx. Therefore, the vesicle fusion rate
α k
is replaced with αvk → (1+Cxvx(t))
q . The constant Cx controls
the strength of the inhibition, and parameter q specifies Ca2+
cooperativity of vesicle release [16]. However, to simplify the
analysis, we ignore the effect of inhibitory auto-receptors.
Using the vesicle fusion rate defined in (18), the singlevesicle release probability is pvk = 1 − exp (−αvk ). The
release probability per stimulus is the complement of the
failure probability, which is the probability that no vesicle is
released during the window of interest, given by
pr (Nk ) = 1 − exp (−αvk Nk ),

(19)

where Nk is the number of vesicles in the RRP available
for release at the k th window and the failure probability is
1 − pr (Nk ) = exp (−αvk Nk ) [9]. For the more realistic
case where each release site is permitted to have its own
release probability, the probability that
vesicle fuses on
 no
k
(1
− pvjk ), where
the k th interval can be calculated as N
j=1
pvjk = 1−exp −αvjk , as explicitly pointed out in [20]. Here
pvjk and αvjk are the probability that the j th vesicle fuses on
during k th interval, and its fusion rate, respectively.
To find the mutual release probability, i.e., p∗vk , that gives
the same result as the calculation
Nk with different release∗ prob(1 − pvjk ) = (1 − pvk )Nk .
abilities per vesicle, we set j=1
p∗vk =

Nk
1 
pv .
Nk j=1 jk

(20)

p∗vk is the average release probability per vesicle for the
pool of vesicles. Using the pvjk expression and (20), the
∗
∗
mutual fusion
rate, i.e., αvk , can
 be obtained as αvk =
Nk
ln (Nk )−ln
. This equation gives a comj=1 exp −αvjk
pact expression when each vesicle has a distinct fusion rate
depending on the distinct release sites on presynaptic neuron,
regional differences in the strength of inhibitory effects, Ca2+
concentration levels, and presynaptic auto-receptors.
There is some previous work concentrating on univesicular
release mechanism [10]. The all-or-none synaptic transmission
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that arises from the saturation of postsynaptic receptors by
neurotransmitter content of a single vesicle is suggested in
[21], implying the same postsynaptic response regardless of
the number of vesicles released. In [11], it is assumed that
each action potential yields at most one vesicle release and
the vesicle release process is modeled by a Z-channel because
without stimuli the probability of spontaneously generated
vesicles is very low, and hence, ignored. Additional to single
vesicle release case, multivesicular release is studied in [16].
Moreover, it is found that the temporal correlation between
stochastic responses to a repetitive train of stimuli behaves differently depending on whether multiple releases are allowed.
In univesicular release case, vesicle release at k th spike
arrival is bernoulli distributed with probability pvk . Hence,
expected number of vesicles released at k th spike is equivalent
to pvk . In multivesicular release, on the other hand, each
vesicle has Z-channel model with an independent (not necessarily identical) release probability, i.e, pvjk , and the average
release probability is pvk , as calculated in (20). The model
for multivesicular release can be represented by a non-binary
Z-channel. Binary symbols of the SISO Z-channel are scaled
by Nk , which is the total number of available vesicles in the
RRP to be released upon spike generation at the presynaptic
terminal. This assumption is valid since the vesicle release rate
is scaled by Nk in multivesicular release case.
In this paper, we study multivesicular release. We model the
number of vesicles released in response to an action potential
exerted at k th window with a random variable denoted as Wk .
Wk is determined by a binomial distribution with parameters
pvk and Nk . Assuming that vesicles have the same probability
of release, i.e., pvk , upon a stimulus, the expected number of
vesicles
Nk released on window k can be calculated as Wk =
i=0 iP (Wk = i) = pvk Nk . The probability that at least one
vesicle is released, the release probability, on window k is
Pk = 1 − (1 − pvk )Nk .

(21)

The release probability on the next window, i.e., Pk+1 , can be
calculated using pvk+1 and Nk+1 by applying the iteration
1

rf
rf
Nk+1 = Nk − Wk + Nk+1
= Nk (1 − Pk ) Nk + Nk+1
(22)

into (21), where Pk is the measured release probability for the
previous, i.e., k th time window, Wk is the average number
rf
of vesicles released on k th window and Nk+1
is the number
of vacancies in the releasable pool refilled by the reserve
pool during the time difference between consecutive windows,
i.e., one inter-spike interval (ISI), which can be calculated as
rf
rf
rf
= NR Pk+1
. NR and Pk+1
are the reserve pool size
Nk+1
and the vesicle refill probability during one ISI, respectively.
According to the derivation in [16], the reserve pool fills the
vacancies with a time constant τD . Thus, it takes τD time
for the system to reach 1 − 1/e of its final value, which is
Pkrf ∗ = 1. Hence, provided the reserve pool size remains
unchanged, the refill probability is Pkrf = 1−exp (−Δtk /τD ),
where Δtk is the time interval between the start of the stimulus
until the end of k th window and τD is the refill time constant
which is inverse of vacancy refill rate [16].
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Single-input single-output neuro-spike channel model between presynaptic and postsynaptic neuron terminals.

C. Postsynaptic Response with Variability in Vesicle Release
WƌĞƐǇŶĂƉƚŝĐ
ƚĞƌŵŝŶĂů

The postsynaptic response function to the release of a single
vesicle is denoted by h(t). Output of this response filter is
subject to additive white gaussian noise denoted as n(t) and
the channel output is the postsynaptic voltage, i.e., Z(t).
We model the postsynaptic response by h(t), which corresponds to the EPSP waveform of a fast, voltage-independent
AMPA-like synapse modeled as an alpha function [22],


t
t
,
(23)
h(t) = hp exp 1 −
tp
tp
where hp is the peak EPSP magnitude and tp is the corresponding time-to-peak.
transform of h(t) is
 The Fourier
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Multiple-access synaptic communication channel model.

2

H(f ) = hp exp (1)/tp t1p + j2πf , which is used in the rate
region analysis for synaptic communication in Section III-B.
We assume that the postsynaptic responses to a sequence
of vesicle releases add linearly. We incorporate synaptic variability by multiplying the response h(t) by a random variable
q drawn from a probability distribution P (q), which can be
measured empirically. q models the trial-to-trial variability
in the amplitude of the postsynaptic responses observed for
central neurons. In some cases, the variance in the size
of EPSP is as large as the mean. Despite being possibly
biased due the inability of measuring very small synaptic
events, the experimentally observed amplitude distributions
are usually skewed to high amplitudes and can be modeled
by a Gamma distribution [23]. Here, we model P (q) by a
gamma distribution. A gamma-distributed random variable Q
with shape α and rate β is denoted by Q ∼ Γ(α, β). The
probability density function (pdf) of Q is
f(q; α, β) = β α

1 α−1
q
exp (−βq), q ≥ 0, α, β > 0, (24)
Γ(α)

where α is the order of the distribution. If α is a positive
integer, then Γ(α) = (α − 1)!. The mean q̄, standard deviation
σq and the coefficient of variation of the gamma distribution
are defined as q̄ = α/β, σq = α/β 2 and cq = 1/β,
respectively. Here, we choose α = β = 0.6−1 , consistent
with the postsynaptic quantal variation, i.e., the variation in the
transmitter content among vesicles, model proposed in [11].
Four parameters are thought to be particularly important in
determining trial-to-trial EPSC variability: the time course and
probability of quantal release, i.e., the amount of neurotransmitter released following neural stimulation, the number of
release sites, where the secretion of a quantum of neurotransmitter occurs, and the quantal size, which is the postsynaptic
response to the release of neurotransmitter from a single vesicle [24]. Although in [24], authors claim that multivesicular
release can cause postsynaptic saturation, i.e., full receptor

occupancy, here, we assume that receptors at the postsynaptic
terminal are not saturated by multivesicular release assuming
the available number of postsynaptic receptors is high enough.
The postsynaptic membrane voltage is
Z(t) =

M 

l=1

qil Wil hl (t − ti ) + n(t),

(25)

i

where q is the random EPSP amplitude and W is a binomial
variable representing the spike-conditioned vesicle release
process. Superscript l refers to the lth synaptic connection. If
the synapses are distributed at different electrotonic locations,
i.e., positions along the excitable cell with unequal electrical
state in the absence of repeated action potentials, on the
postsynaptic neuron, the corresponding EPSP waveforms hl (t)
are different [11]. In this paper, we assume that synaptic
connections are at the same electrotonic location, and hence,
they are identical and have the same EPSP characteristics.
Assuming a point-to-point synaptic connection between a
pre- and postsynaptic neuron terminal pair, the postsynaptic
membrane voltage can be calculated as


qi Wi δ(t − ti ) + n(t),
(26)
Z(t) = h(t) ∗
i

where Wi is a binomial random variable representing the
spike-conditioned vesicle release process to a spike generated
at tth
i time instant. If the spike generated at time ti does not
lead to vesicle release at input neurons, Wi = 0. The model
for the SISO neuro-spike channel model is given in Fig. 3.
In Section III, we extend the single-input synaptic model to
multi terminal input case, and investigate its rate region.
III. M ULTIPLE -ACCESS N EURON C HANNEL
We extend the SISO channel model to MISO, i.e., multipleaccess, channel model. We assume that presynaptic terminals
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Multiple-access channel model between presynaptic and postsynaptic neuron terminals.

are identical, i.e., the axons share the LNP model features and
spike generation mechanisms, and the EPSP characteristics are
the same. A conceptual model for the multiple-access synaptic
communication channel is illustrated in Fig. 4.
In Fig. 5, the hypothetical model for multiple-access channels among neuron terminals is illustrated. Upon arrival of
the spike train, the presynaptic terminals independently release
vesicles with an average probability of p. The released vesicles are directed to a common postsynaptic terminal through
distinct synapses with separate input terminals. In this paper,
we assume that the synaptic impulse responses, i.e., the EPSP
characteristics, are identical in shape. However, each synaptic
channel is characterized by a random amplitude determined by
a Gamma distributed variable q. Hence, the synaptic channels
can be independently characterized. At the end of the transmission, voltage seen at the postsynaptic terminal is stochastically
determined by the random spike generation and vesicle release
processes at each input terminal, and the variabilities at each
synaptic channel. In this section, we analyze the rate region
for multiple-access synaptic communication channel.
A. Modulated Input Power Spectral Density
Using the approximation for the spike train PSD in (16),
 2
2
(27)
Ss (f ) ≈ λ̄ + λ̄b |K(f )| Sm (f ) + λ̄2 δ(f )
 



2
2
λ̄b |K(f )| Sm (f ) + λ̄2 δ(f ) df.
(28)
σλ2 =
Similar to spike generation process, the vesicle release process
is also Poisson with rate pvk Nk λ(t). Thus, the PSD for vesicle
(k)
release process at k th window, i.e., Sw , can be obtained as


2  2
2
(k)
Sw
(f ) = (pvk Nk )
λ̄b |K(f )| Sm (f ) + λ̄2 δ(f )
+

(pvk Nk ) λ̄.

(29)

Next, by considering the effect of channel variability, repre(k)
sented by the random variable q, we define Sl (f ) as the
th
PSD of the modulated input l at k window of interest. Here,
modulated input is the presynaptic neuron stimulus passing
through LNP filter to be Poisson encoded, and converted into
binomial vesicle release form and then scaled with random
quantal amplitude to be filtered with postsynaptic response

function. Modulated input is a function of frequency and
random due to the stochastic variables denoting vesicle release
and synaptic filter amplitude.


2
2
(k)
Sl (f ) = q̄ 2 (pvk Nk )2 (λ̄l b) |K(f )|2 Sml (f ) + (λ̄l ) δ(f )
+ (q̄ 2 + σq2 ) (pvk Nk ) λ̄l ,

(30)

following from (29), the linear encoding restriction and the
approximation of V ar(qpλl (t)) as


2
2
V ar(qpλl (t)) = E q 2 (pvk Nk ) λ2l (t) − q̄ 2 (pvk Nk ) λ̄2l


2
= q̄ 2 + σq2 (pvk Nk ) σλ2 l

 2
2
2
+ q̄ + σq2 (pvk Nk ) λ̄2l − q̄ 2 (pvk Nk ) λ̄2l
2

2

≈ σq2 (pvk Nk ) λ̄2l + q̄ 2 (pvk Nk ) σλ2 l .

(31)

Approximation in (31) follows from that the mean firing rate is
at least three times larger than the standard deviation of firing
rate to ensure linear encoding [11]. Hence, cλ = σλ /λ̄ ≤ 1/3
should be satisfied, and the σq2 (pvk Nk )2 σλ2 l term is negligible.
From (31), variability of q only affects the frequency independent part of the modulated input, i.e., the term (pvk Nk )λ̄l
in (29), due to linear encoding condition. As a result, the
variation at the frequency dependent part is ignored.
For single synapse channel, the power spectrum of z(t) can
be calculated as in [11], i.e.,
2

(k)

SZ (f ) = |H (l) (f )| Sl (f ) + Sn (f ).

(32)

Extending this model to multiple input case for M number of
presynaptic neurons, we obtain
SZ (f ) =

M

l=1

2

(k)

|H (l) (f )| Sl (f ) + Sn (f ).

(33)

B. Multiuser Channel Rate Regions
The multiaccess coding theorem (MACT) asserts that if
source l, 1 ≤ l ≤ M (l ≥ 2) has rate Rl and is constrained to
a PSD Sl over the given bandwidth B, then, arbitrarily small
error probability can be achieved for all sources if for each
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subset A ⊆ {1, 2, . . . , M } [25],
⎛

2⎞
B/2
Sl |H (l) (f )|


⎟
⎜
l∈A
Rl <
log ⎝1 +
⎠ df ,
N0
l∈A

TABLE I
A NALYSIS PARAMETERS .

(34)

−B/2

where H (l) (f ) is the Fourier transform of h(l) (t). The quantity
on the right hand side of (34) is the conditional average mutual
information per unit time, I(A), between the inputs in A and
the output, conditional on the inputs not in A. This assumes
that the inputs are independent stationary white Gaussian noise
processes over the bandwidth B. From MACT,
⎞
⎛

2 (k)
B/2
|H (l) (f )| Sl (f )


max
l∈A
⎟
⎜
Rl < Sl(k) (f )
log ⎝1 +
⎠ df
N0
l∈A
−B/2
 (k)
  (k)
Pl ,
(35)
Sl (f ) df ≤
s.t.
l∈A

l∈A

for multiple input synaptic communication channel, where
(k)
Pl is the power constraint of the lth presynaptic neuron over
the bandwidth B, and A ⊆ {1, . . . , M } is the input subset.
IV. P ERFORMANCE E VALUATION
In this section, we evaluate the analytical expressions
obtained in Sections II-III. The numerical parameters, as
tabulated in Table I, are obtained from [9], [11], [18].
Initially, we generate spike trains using the LNP model
with λmax = 36.03 Hz as discussed in Section II-A. We
apply a normal distributed stimulus to each presynaptic neuron
terminal. The outputs of the LNP filters, i.e., the generated
spike trains based on the firing rates are illustrated in Fig. 6.
Spike trains, i.e, action potentials, are converted into the
form of vesicle release. Rate of the spike trains determines the
triggering level for vesicle release mechanism. During each
repetition of the train, the RRP decreases by 1 each time a
vesicle is released. The release probability at a synapse is
directly correlated with the size of its readily releasable vesicle
pool, which is N . In [9], authors choose NA = 3 − 10 in their
simulations. For the vesicle refill time constant they use a
value of τD = 2 s, which agrees with the time of recovery
of the RRP measurements in hippocampal slice experiments.
Therefore, we choose the refill rate and reserve pool size based
on these experiments. The simulation result for the dynamic
vesicle release process, which is initiated with the spike train
given in Fig. 6 with E[λ] = 15.84, is depicted in Fig. 7.
Passing through the synaptic channel, the released
molecules are modulated. Modulation is due to the variability
in the number of available receptors on the surface of the
postsynaptic neuron. Furthermore, the synaptic channel behaves like an alpha-shaped filter, the input and the output of
which are the modulated input and the postsynaptic potential
observed at the destination neuron, respectively. A segment of
a typical EPSP waveform is shown in Fig. 8.
We observe the vesicle release probability during a spike
train to characterize how the average rate per spike varies. We
analyze the fusion rate by dividing the spike train into 100
windows of equal duration. As fusion rate, i.e, αv , is solely
dependent on the integration duration of λ(t), it increases

Parameter
Soma time constant
AWGN bandwidth
AWGN standard deviation
Peak magnitude of the EPSP waveform
Time at which EPSP reaches its peak
Firing rate control parameter
Voltage at half the maximum firing rate
The vesicle release probability
Average firing rate
Available and reserve pool sizes
Vesicle refill time constant
Quantal amplitude mean and CV

Symbol
τ = RC
Bn
σn
hp
tp
a
v1/2
pvk
αvk
NA , N R
τD
q̄, cq

Value / Range
20 ms
100 Hz
0.1 mV
1 mV
0.5 ms
1/0.029◦
0.036◦
0.4
10 spikes/s
3 − 10, 60
2s
1, 0.6

during train as seen in Fig. 9(a). Furthermore, the average
vesicle release probability, i.e., pv , also increases with αv ,
agreeing with the results obtained in [20]. Therefore, average
number of vesicles released increases during train, which is
illustrated in Fig. 9(b). Hence, the information rate is also
augmented with impulse train duration as shown in Fig. 9(c).
As the presynaptic firing rate enhances, the information bits
delivered per spike increases. Making realistic assumptions
on the rate of spike trains, authors in [9] come across the
typical spike rate of neurons, which is 1 spike per 100 ms.
Therefore, we limit λ(t) to be around this typical value in
our simulations. Using (35), we can obtain the rate region
for SISO neuro-spike communication channel. The rate region
for varying RRP size, i.e., NA , and reserve pool size, i.e,
NR , and vesicle refill time constant, i.e., τD , is pointed out
in Fig. 10. As NA increases the available number of vesicles
ready for release gets higher. For larger NR , since the refill
rate gets larger, size of the available pool gets larger during
the stimulus, causing improved rate values at the postsynaptic
terminal. As τD increases, as more time is required to fill
the docked pool, the docked pool depletes faster, and the rate
drops.
Although in [26], authors calculate that the maximum
amount of information that can be transmitted by an ideal
synapse is approximately equal to 1.13 bits per spike, their
analysis is based on unitary vesicle release. In this paper, as we
allow multivesicular release, higher information rates become
possible. We hypothetically show that rate is affected by firing
of presynaptic terminal, vesicle pool sizes and refill process,
vesicle fusion rate and postsynaptic receptors. Furthermore, in
this study, the saturation of postsynaptic receptors, which, in
fact, adversely influences the release process, is ignored. The
model could be extended to observe the feedback relationship
between the postsynaptic receptors and vesicle release process.
Extension of the model to multiple-access neuro-spike channel is the next step. Using (35), we can obtain the rate upper
bounds for any user subset A ⊆ {1, . . . , M }. Depending on
whether the set of users has correlation among them or not,
in this section, we investigate the rate regions.
Assume that M neurons are fired with an input vector
m(t) = {m1 (t), ..., mM (t)}, and neurons release their vesicles into the synaptic channel. We analyze the sum rate regarding the dependence of the individual presynaptic neurons.
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−4

4

f(k; λl (t)) = P (Sl = k) =

λkl (t)
exp (−λl (t)), k ∈ Z≥0 .
k!
(36)

We define a new random process S, denoting the sum
of individual independent but not necessarily
Midentically distributed random processes Sl , i.e., S=
l=1 Sl . The pmf
P (S) = P (S1 = k1 , S2 = k2 , . . . , SM = kM ) is given by
 M M
M

λkl l
λkl l
exp (−λl ) = exp −
. (37)
λl
P (S) =
kl !
kl !
l=1

EPSP waveform at the postsynaptic membrane

1) Independent Firing of Neurons: Let Sl ∼ P ois (λl ),
for l ∈ {1, . . . , M } be an inhomogeneous and independent
Poisson process with rate λl (t) corresponding to the model
of spike generation at lth input neuron. The probability mass
function (pmf) of Sl is given by

l=1
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Fig. 8.

EPSP waveform at the postsynaptic membrane, E[λ] = 15.84.

l=1

In independent firing of neurons, lth neuron releases vesicles
with rate λl (t) independent of other neurons. Therefore, at the
lth input neuron, the vesicle release probability is determined
by a Poisson distribution with a rate parameter λl (t)p, where
p = pvk Nk at k th window of interest. Let Xl be the
random process modeling the vesicle release at lth input
neuron. Hence, Xl ∼ P ois (λl (t)p), for l ∈ {1, . . . , M }
independently vesicle releasing input neurons.
The vesicles released by all input neurons are accumulated at the synaptic channel. Therefore, the total vesicle
release to the
synaptic channel can be determined
by the
M
M
process X = l=1 Xl , the rate of which is l=1 λl (t)p =
M
M
p l=1 λl (t) = pλ(t), where λ(t) = l=1 λl (t). Therefore,
the vesicle release process
by a Poisson

 can be modeled
M
distribution, X ∼ P ois p i=1 λl (t) .
Under independently firing of presynaptic neurons, Fig.
11(a) illustrates the rate region for a subset A ⊆ {1, . . . , M }
of M = 35 user synaptic multiple-access channel determined
by (35). As shown in Fig. 11(a), the total rate does not scale
with the same order as the raise in the number of users as the
synaptic communication channel experiences interference.
2) Correlated Firing of Neurons: Let Tl ∼ P ois (θl ), for
l ∈ {1, . . . , M } are independent random variables. Consider
the random variables Sl = Tl + T0 , ∀l ∈ {1, . . . , M }.

Then, {S1 , S2 , . . . , SM } jointly follow a multivariate Poisson
distribution [27]. The joint pmf P (S) is given by
l
 M M

kmin M  
M

θlkl 
kj
θl
P (S) = exp −
l! θ0 / θl ,
kl !
l
j=1
l=1

l=1

l=0

l=1

(38)
where kmin = min (k1 , k2 , . . . , kM ). Marginally, each presynaptic input Sl follows a Poisson distribution with rate parameter θl +θ0 . Therefore, E[Sl ] = θl +θ0 , and V ar[Sl ] = θl +θ0 .
The correlation coefficient between Si and Sj , i.e., ρij , is
!
θ√
0
√
if i = j
(θi +θ0 ) (θj +θ0 )
ρij = corr (Si , Sj ) =
. (39)
1
if i = j
θ0 is the covariance between all the pairs of random variables. In this paper, we assume common covariance for all
pairs, which is a simple yet powerful conjecture enough to
demonstrate the improvement in additive rate compared to the
case where presynaptic inputs are uncorrelated.
In correlated firing of neurons, lth neuron releases vesicles
with rate λl (t) = θl + θ0 , where θ0 denotes the common
correlation parameter between any two neurons. At the lth
input neuron, the vesicle release probability is determined by
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Fig. 10. The achievable rate region for SISO synaptic communication channel
under variable vesicle pool conditions.

In this paper, we investigate the rate region for SISO synaptic communication channel model, and observe the time course
of postsynaptic firing rate, and its dependence on dynamics
of vesicle release process and docked pool features. Furthermore, we extend the single terminal model to multiple-access
synaptic communication channel model and observe how the
total information rate adds up. Moreover, we analyze the
contribution of first-order correlation on the information rate
at the postsynaptic neuron terminal. Our analysis puts forth the
boosting effect of spike correlation on the postsynaptic rate.
Open issues include investigating the disorders characterized
by pre- and postsynaptic and synaptic abnormalities, and then
revealing the potential relations between neuronal coefficients
and disorders. The analysis could be extended to observe the
effect of multi-order correlations among presynaptic terminals
on the postsynaptic performance.

a Poisson distribution with a rate parameter (θl + θ0 ) p, where
p = pvk Nk . Let Xl be the random process modeling the
vesicle release at lth input neuron. Hence, in correlated firing
of presynaptic neurons, the vesicle release process at lth presynaptic terminal can be modeled by Xl ∼ P ois ((θl + θ0 ) p).
The vesicles released by all input neurons are accumulated
at the synaptic channel. Therefore, the total vesicle release
to the 
synaptic channel
can be determined by the process
M
M
X =
X
=
p
Tl + pM T0 , the rate of which
l=1
M
M l=1 l
θ0 ) p = p l=1 (θl + θ0 ) = pθ + pM θ0 ,
is
l=1 (θl +
M
where θ =
l=1 θl . Since Tl s are independent of each
M
other, l=1 Tl has a Poisson distribution with rate parameter
M
l=1 θi , which is independent from the rate coming from
distribution of M T0 . However, it is nontrivial to characterize
the pdf of X because M T0 is not Poisson distributed.
Fig. 11(b) illustrates the rate region for M = 5 user synaptic
multiple-access channel determined by (35) given that users’
firing rates have first-order correlation. Since the transmitted
information bits per spike remains the same independent of
the correlation amount, we scale the delivered information
per spike by spike count in a second, and obtain the rate as
information bits per second. Compared to uncorrelated firing
of neurons, the curve corresponding to ρ = 0, as the firing
rates become more correlated, total rate in bits per second
enhances. Hence, incorporating correlation, more information
is conveyed through synapses to the postsynaptic end.
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