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Abstract—Carbon nanotube (CNT) with its ground-breaking
properties is a promising candidate for future nanoscale communication networks. CNTs can be used as on-chip optical antenna
for wireless interconnects. Carbon nanotube field-effect transistors (CNTFETs) show significant performance as photodetectors
due to wide spectral region and tunable bandgap. In this paper, CNTFETs composed of semiconducting single-walled carbon
nanotube (SWNT) and metal contacts (M-SWNT-M) are used as
photodiode receivers in nanoscale optical communication by theoretically modeling diameter-dependent characteristics for shot-,
dark-, and thermal-noise-limited cases. Bit error rate (BER), cutoff bit rate, and signal-to-noise ratio performance are analyzed for
intensity modulation and direct detection modulation. The multireceiver CNT nanoscale network topology is presented for information broadcast and the minimum SNR is maximized solving NP-hard max–min power allocation problem with semidefinite
programming relaxation and branch and bound framework. The
significant performance improvement is observed compared with
uniform power allocation. Derived model is compared with existing experiments and hundreds of Mb/s data rate is achievable
with very low BERs. Furthermore, optimization gain is highest for
thermal-noise-limited case while the shot-noise-limited case gives
the highest data rate.
Index Terms—Bit error rate (BER), broadcast, carbon nanotube (CNT), optical network, power allocation, signal-to-noise
ratio (SNR).

I. INTRODUCTION
ARBON nanotube (CNT) is a ground-breaking material
discovered two decades ago with tremendous number of
applications in physical and technological sciences including
molecular electronics, quantum computing and nanoscale communications. Single-walled carbon nanotubes (SWNTs) as 1-D
nanometer size strips of graphene are promising to be utilized in
future nanonetworks due to fascinating mechanical, electrical,
and thermal properties [1], [2].
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Carbon nanotube field-effect transistors (CNTFETs) competitive with the state-of-the-art silicon transistors are promising candidates for future nanoscale electronics [2]. Furthermore, with tunable bandgap, wide spectral range response and
polarized absorption, SWNTs are efficient photodetectors in
nanoscale optoelectronics. Moreover, Schottky barrier CNTFET
photodiodes composed of semiconducting SWNT and metal
contacts (M-SWNT-M) have a considerable quantum efficiency
and very small dark currents [3]–[10]. Photodiodes built with
CNT p-n junctions show current–voltage characteristics similar
to conventional diodes [11]–[14]. SWNTs can be used as photovoltaic cells [10], [14]–[17]. These devices perform opticalto-electrical conversion and are strong candidates for nanoscale
optoelectronics.
In addition, SWNTs are candidates in network-on-chip (NoC)
platforms for future wireless interconnects as optical antennas.
CNTs operate in terahertz and optical frequency range, have
large bandwidth and perform as both transmitter and receiver
with simple ON–OFF keying [18]–[21]. However, there is no
theoretical modeling of performance characteristics, e.g., signalto-noise ratio (SNR), bit error rate (BER) and achievable data
rates, for a CNT nanoscale optical receiver. It is of fundamental importance to model the diameter-dependent performance,
validate with existing experiments and discuss power allocation
for a nanoscale optical network of receivers having performance
differences due to diameter variation.
In this paper, for the first time, CNT receivers based on
M-SWNT-M photodiodes with small diameter nanotubes, i.e.,
(0.7–1.2) nm, are modeled theoretically within an optical communication perspective. Photocurrent and noise modeling are
combined to compute the diameter-dependent performance metrics, i.e., SNR, BER and cutoff bit rate or receiver data rate, i.e.,
Rb . The parameter fitting of the model with the experiments
in literature is achieved. The performance is analyzed for intensity modulation and direct detection (IM/DD) nonreturn-to-zero
ON–OFF keying modulation in shot-, dark-, and thermal-noiselimited (NL) cases. The multiuser CNT ad hoc network topology
for information broadcast is presented and the maximization of
the minimum SNR is modeled as an NP-hard quadratic power
allocation problem among transmitter frequencies for dark- and
thermal-NL cases. Linear programming (LP) and semidefinite
programming relaxation (SDP) solutions combined with branch
and bound (BB) framework, i.e., SDP-BB, are presented. Uniform power allocation (UPA) with practical transmit power levels results in hundreds of Mb/s data rate with very low BERs.
Furthermore, optimum power allocation (OPA) gives significant
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improvement in terms of SNR gain and Rb increasing with the
diameter range. Thermal-NL case gives the highest gain, while
shot-NL case gives the highest data rate.
The remainder of this paper is organized as the following.
In Section II, the related work on CNT optical receivers is explored. In Section III, they are theoretically modeled, and in Section IV, optical transmitter models are discussed. Then, in Section V, multiuser broadcast for CNT nanoscale optical network
topology is presented. In Section VI, max–min SNR problem
is presented and the SDP-BB solution is given. In Section VII,
after discussing parameter fitting of proposed model with existing experiments, cutoff data rates, and transmitter power levels,
BER and SNR performances are analyzed. Max–min SNR is
numerically evaluated and compared with UPA. Finally, in Section VIII, the conclusions are given.
II. RELATED WORK
CNTs performing as optical antennas can achieve low-cost
ultrafast computer technologies [22]. In [18]–[21], CNTs are
offered as terahertz range on-chip nanoscale antennas. The advantages of wireless NoCs (WiNoC) in terms of throughput and
large bandwidths of CNT optical antennas (500 GHz) are discussed. Antenna absorbance is shown to depend quadratically on
the nanotube diameter and linearly on the conductivity. Furthermore, the time, frequency, and polarization division multiplexing (TDM, FDM, PDM) schemes are discussed [19]. However,
in these studies, SWNT photodiodes are not analyzed in terms
of SNR modeling, but a simplified nanoantenna concept is utilized. Power allocation discussion for CNT multiuser nanoscale
optical networks is not available. SNR for dipole CNT antennas is discussed in [23], but networking and receiver modeling
approaches are not presented.
CNT photodetectors are analyzed theoretically and experimentally in various works. CNTFET photodetectors perform
optical-to-electrical conversion in [3]–[7]. Similarly, photodiode devices are formed of CNT p-n junctions in [11]–[13] or
M-SWNT-M devices in [8]–[10], and [14]. Photovoltaic cells
made of SWNTs are analyzed in [10], [14]–[17]. In these works,
it is observed that it is possible to obtain efficient photocurrent
conversion efficiencies and low dark currents making SWNT a
candidate optical nanoreceiver. Although the SWNT photodiode
devices are analyzed in great detail, their utilization in optical
communications is not analyzed. Furthermore, SNR analysis for
a CNTFET considering shot-, dark-, and thermal-NL cases is
not available within an optical communications and networking
perspective.
To the best of our knowledge, this is the first work analyzing
CNT nanoscale optical communication networking with a detailed receiver modeling and numerical analysis of photocurrent
spectrum, SNR, BER and Rb . Multichannel broadcast, multireceiver nanoscale optical network and optimization of transmitter
power allocation are, for the first time, presented and analyzed.
By applying UPA with practical transmit power levels, the feasibility of the information rate of hundreds of Mb/s with very
small BERs, for the first time, is shown for CNT photodetectors.
The transmit power allocation problem is, for the first time, mod-

Fig. 1. Physical structure of an asymmetric M-SWNT-M photodiode, where
the electric field of the optical signal is polarized along the NT axis [9], [10].

eled as a max–min quadratic optimization problem for dark- and
thermal-NL cases and as an LP problem for shot-NL case, and
solved with SDP-BB and LP algorithms. Uniform and optimum
power allocations are compared and the significant performance
improvement is observed for the broadcast network in terms of
SNR gain and maximum Rb as a novel result.
III. CNT OPTICAL RECEIVER MODEL
CNTs are increasingly being used in various CNTFET photodetectors [3]–[7], photodiodes [11]–[14], [16], or M-SWNTM devices [8]–[10]. These works are generally experimental
and theoretical modeling of the receivers and networking basics are not available. In this paper, SWNT optical receiver is
assumed to be of CNTFET photodiode type having better efficiencies compared with other experiments [9]. The physical
structure of an asymmetric M-SWNT-M photodiode is shown
in Fig. 1. It consists of two metals with different work functions
connected to SWNT either suspended or on SiO2 substrate and
an Si back-gate managing Schottky barriers.
The modulation type is assumed to be of type IM/DD with
nonreturn-to-zero ON–OFF keying [24] such that the information signal with bandwidth B modulates the instantaneous transmitted optical power at transmission frequency ν and the photocurrent being proportional to the received power carries the
data signal. Next, the basic CNT optical photodiode receiver is
analyzed and modeled in terms of its equivalent circuit, photocurrent, and SNR.
A. Equivalent Circuit Model
Photodiodes are described by their equivalent circuits to
model noise sources and cutoff frequency, by evaluating the resistive and capacitive elements of the amplifier and photodiode
itself. Then, SNR and Rb can be evaluated for IM/DD optical
channel [24]. In this paper, M-SWNT-M photodiodes are used
with asymmetrical contacts increasing the photocurrent performance compared with the symmetric ones and show a diode-like
behavior [9]. Resistive Schottky barrier contact and ohmic contact are formed between SWNT and a low, e.g., Ti, and high,
e.g., Pt, work function metal in source and drain electrodes, respectively. The reverse bias region is chosen to minimize dark
current, i.e., Id , and maximize photocurrent, i.e., Ip .
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sum of dark and photocurrent. Next, the diameter-dependent
photocurrent is modeled.
B. Photocurrent Model
Fig. 2.

Equivalent circuit of a CNT photodiode [16], [25].

CNT photodiode equivalent circuit is given in Fig. 2. The
model is used for SWNT diode in [25] and p-n junction in [16].
Ip is modeled as a current source parallel to a diode and the
shunt (junction) resistance Rsh , and in series with resistance Rs
of CNT and Req of CNT and amplifier combination. Rs is the
sum of resistances of the contact, i.e., Rc , and nanotube [2],
[26]. It changes with tube diameter dt , contact metals, Schottky
barrier height, i.e., ΦSB , and the gate voltage [2], [25], [26].
Rc approaches the quantum limit of ∼10 KΩ depending on
the contact length [26]. However, more theoretical results are
required to model the diameter dependence and out of scope
of this paper. Furthermore, ultrasonic nanowelding method and
parallel array of nanotubes decrease Rc [15], [25] substantially.
Rs is measured for M-SWNT-M between 400 KΩ and 120 MΩ
[12], [14], [16], [25]. Rsh which is large compared with Rs is
ignored, i.e., 1.1–35 GΩ [14], [16].
Cp is the equivalent capacitance found as 30 aF/μm in [25]
and ≈50 aF/μm (neglecting the much larger quantum capacitance) [27] leading to terahertz range cutoff frequency. Cp is
∝ 1/ln(hs /dt ), where hs is the separation between metal plate
and the nanotube [27]. For hs between 8 and 500 nm, e.g.,
oxide thickness is 8, 200, and 500 nm in [5], [9], and [14],
respectively, Cp ratio of the 0.7 and 1.2 nm diameter tubes is
between 0.78 and 0.92 and their capacitances can be assumed
equal. Therefore, Cp is set to 30 aF/μm as in [25].
Id depends on ΦSB and dt (nm) [12], [25]. If Fermi-level
pinning is not taken into account, Schottky barrier height of
holes (assuming p-type CNT [25], [28]) at the source is given by
ΦS B = ΦCNT − ΦM + Eg /2, where ΦCNT ≈ 4.9 eV and ΦM
are the work functions of SWNT and the metal, respectively, and
Eg is SWNT bandgap [2]. Id is computed by using Thermionic
Emission (TE) current as the following:


aC C γ
Id = Ds exp −
dt κT





15.78
= Ds exp −
dt


(1)

where Ds = AA∗ T 2 exp ((ΦM − ΦCNT )/κT ), κ is the Boltzmann constant, T is the absolute temperature (thermal energy
κT = 26 meV), q is the electric charge, A∗ = (4πqm∗ κ2 )/h3
is the Richardson constant, A is the contact area (assume a constant value for all nanotubes), m∗ is the CNT effective mass,
aC C = 0.142 nm is the bond length, γ = 2.89 eV is the overlap
integral, h is Planck’s constant, and Eg = 2aC C γ/dt [2], [26].
Small diameter tubes are chosen for obtaining small Id .
Shockley diode equation for the circuit shown in Fig. 2
is given by I = (V − IRsh )/Rsh + Id (exp(q(V − IRs )/
(nκT )) − 1) − Ip , where n is the ideality factor (1 to 2) [25].
In reverse bias of V < 0 and Rsh  0, I = −Id − Ip , i.e., the

Optical communication channels convert the optical power to
photocurrent signal [24]. Absorbed photons generate electron–
hole (e-h) pairs that are separated and collected at the external circuit [2], [3]. In this study, IM/DD optical communication baseband channel is modeled as Ir (t, ν) = Ip (t, ν) + n(t),
where Ir (t, ν) is the receiver current at frequency ν, Ip (t, ν) =
R(t, ν)Pt (t, ν) ∗ h(t) = R(t, ν)Pi (t, ν), R(t, ν) is the responsivity, Pt (t, ν) and Pi (t, ν) are the transmit and incident powers,
respectively, h(t) is the channel impulse response and n(t) is the
independent white Gaussian noise [24]. In this study, the modeling of the channel h(t) and the power-loss analysis between the
transmitter and the receiver is out of scope and a line-of-sight
(LOS) link is assumed [24].
Carrier generation depends on the absorption coefficient
α(ν). Internal quantum efficiency of a photodetector, i.e.,
ηIn (ν) = Ip h̄ν/ (qPa (ν)), is defined as the ratio of the count
of the absorbed photons to the generated carriers, where Pa (ν)
is the absorbed power [3]. The maximum ηIn at the peaks is
almost diameter independent [11]. The peaks are at transition
energies denoted with Eii and Eij , i = j, where i, j = 1, 2, . . .,
for light polarization parallel and perpendicular to the nanotube
axis, respectively [29]. Semiconducting CNTs show strong absorption anisotropy [17], and the incident light is assumed to be
polarized parallel as shown in Fig. 1. They are direct bandgap
materials with diameter tunable Eii making them efficient photodevices [29].
Eii values are analyzed in excitonic picture [4]. Higher energy excitons create free e-h pairs by embedding in lower energy
states. However, E11 excitons are difficult to dissociate due
to large binding energies [29]. Therefore, photocurrent corresponding to E22 is considered, while the developed framework
can be applied to E11 . Optical transition frequencies corresponding to Eii = hνii versus dt shown in Fig. 3 are modeled
by


c
cos3θ
i
i
Eii (dt ) = a + ab log
(2)
+ βi 2
dt
dt
i/dt
dt
where a = 1.049 (eV nm), b = 0.456, c = 0.812 nm−1 , βi =

βi,p for the tube with index (n, m), where p = mod(2n +




m, 3), [β1,1 β1,2 β2,1 β2,2 ] = [0.05 −0.07 −0.19 0.14],

dt = aC C 3(n2 + nm + m2 )/π, and chiral angle θ =
√

tan−1
3m/(2n + m) [2].
Nonequilibrium Green’s function (NEGF) theoretical simulation shows that ηIn ≈ %17 [11] and ≈ %58.97 [10] for an
asymmetric photovoltaic device. Experimentally, ηIn > %10
for SWNT p-n junction [3] and the responsivity R = 2 × 10−3
A/W [6] makes CNT photodiodes very efficient for nanoscale
optical networks.
Photocurrent should be modeled in terms of ν and dt dependence to compare different diameter CNTs. Absorption and photocurrent spectrum of CNTs are fitted by Lorentzian curves [3],
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Fig. 3.

Optical transition frequency versus semiconducting CNT diameter.

[4], [30]. The absorption spectra is represented as
αa (E) =

2


Γi,a
Ai 
2
π Γi,a + (E − Eii )2
i=1

(3)

ν11
d3 LPi (ν)Bl
 t
ν22 πh2 ν B 2 + 4 (ν − ν )2
22
l

(4)

ν11 3
d
ν22 t

νm a x
νm in



Pi (ν)

ν 2 Bl2 + 4 (ν − ν22 )2

dν

(5)

where Bl = 24.18 THz, Υ2 = Υ1 qηIn Bl L/(πh3 ) is a constant.
Next, the noise is modeled and SNR is computed.
C. Noise Model and SNR
Three dominant types of photodiode noise are thermal noise
due to interaction between electrons and vibrating ions, shot
noise caused by dark current and incident photons due to fluctuations of the discrete carriers [24] and low-frequency 1/f
noise [33]. There is no theoretical modeling and experimental
validation of SNR calculation for an SWNT photodiode.

Pi (ν)



ν 2 Bl2 + 4 (ν − ν22 )2

νm in

dν

⎛
γd,t (dt ) = hd,t (dt ) ⎝

(6)
⎞2

νm a x
νm in

ν2



Pi (ν)
Bl2

+ 4 (ν − ν22 )2

dν ⎠
(7)

where the subscript s denotes shot-NL case, subscript (d, t)
denotes dark- and thermal-NL cases, and
hs (dt ) =

Υ2
2qB

ν11 3
d
ν22 t

ν11 6
Υ22
hd (dt ) =
d exp
2qFDs B ν22 t
ht (dt ) =

where Bl = Γ2,ph /h, Υ1 is a global normalization constant, and Γ2,ph is the photocurrent Lorentzian bandwidth
with values of 90–100 meV [3]–[5], [12]. Therefore, Γ2,ph
is set to 100 meV. Total photocurrent is given by Ip =
νm a x
ν m i n qηIn (ν) (Pa (ν)/(hν)) dν, where Pi (ν) (W/Hz) is the
transmit optical power density and the total incident power is
ν
Ptot = ν mmi an x Pi (ν)dν. Therefore, combining with (4), Ip is
given by
Ip = Υ2

νm a x

γs (dt ) = hs (dt )

where Ai is the absorption strength, Γi,a is the linewidth,
and E = hν. Ai ∝ dt in a nonorthogonal tight-binding
√ framework and follows a power-law behavior, i.e., ∝ 1/ Eii [31].
Therefore,
Ai can be modeled as A1 = C2 dt and A2 =

A1 E11 /E22 .
Furthermore, it can be assumed that Pa (ν) is linearly proportional to the frequency (ω) dependent imaginary part of SWNT
dielectric function (εi (ω)) by treating them as lossy dielectric
cylinders [3], [17]. By using αa = εi (ω)ω/(nd c), where nd is
the refractive index [32] and c is the speed of light and assuming
Pa (ν) depends linearly on d2t [17] and length L, Pa (ν) can be
approximated as
Pa (ν) = Υ1

CNT shot noise depends on Fano factor, i.e., F, suppressing
the noise compared with the conventional bulk semiconductors
[34]. 1/f noise is neglected due to the assumption of operating
frequencies higher than 1 kHz [33]. The noise spectral densities
of thermal and shot noise components can be described by σt =
4κT /Req where κ = 1.38 × 10−23 J/K, T = 300 K (room temperature), and σShot = σs + σd = 2qIp + F2qId where 0 <
F ≤ 1 and q = 1.602 × 10−19 C. Depending on Req and the
comparison of σShot and σt , three different NL operating
regimes are defined as the following.
σShot ≈ 2qIp s.t. Ip  Id
1) Shot NL, if σt
2) Dark NL, if σt
σShot ≈ F2qId s.t. Id > Ip
3) Thermal NL, if σShot
σt s.t. Rs ≤ Req .
Therefore, using Id and assuming ηIn is constant, SNR, i.e.,
γ(dt ) = Ip2 /(σB), for the shot-, dark-, and thermal-NL cases,
i.e., γs , γd , and γt , respectively, are given by

(8)


15.78
dt

Υ22 ν11 6
d Req .
4κT B ν22 t


(9)
(10)

Except the shot-NL case, all the SNRs depend on the square of
the input power. Next, the modeled SNRs are used in a multireceiver nanoscale optical network.
IV. OPTICAL TRANSMITTER MODEL
In this paper, theoretically modeled CNT photodetector receivers are based on the experimental works [3], [4], [6], [8], [9],
[12], [35] carried out with commercially available transmitting
laser sources, i.e., near-IR laser with a wavelength of 830 nm and
power of ≈6 W/mm2 with spot size around 200 μm [9], [35],
continuous wave (CW) Ti/Sapphire laser tunable between 780–
980 nm [3] and 720–1000 nm [4] with incident power around
10 W/mm2 , and Ti/Sapphire laser with spot size of 2 μm [6]. Furthermore, similar experiments are carried out for graphene photodetectors [36] with Agilent Lightwave Component Analyzers,
i.e., N4375B and N4373C, with built-in 1550-nm lasers with the
light intensity modulation frequencies available up to 67 GHz.
Although experimentally validated macroscale laser sources
can be used to send information to nanoscale receivers,
nanoscale optical transmitter devices, e.g., highly efficient
light-emitting sources using CNT p-n diodes [37], low-power
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Fig. 5. Multireceiver broadcast nanoscale optical network topology of different diameter tubes.
Fig. 4. Multiwavelength light source transmitting intensity modulated signal
on CNT receiver. The inset shows an illustrative ON–OFF keyed data pattern
modulating the intensity of the light.

dissipating nanoscale lasers reaching 100 GHz modulations,
pW to nW radiation powers with ≈1 nm linewidths at room
temperature [38], CNT optical antennas [21], [39], [40], can
also be used for designing future nanoscale communication networks where both the transmitter and the receiver are formed
of nanoscale devices. However, experimental works obtaining
the light modulation of nanoscale transmitters using CNT or
other technologies, the detection on CNT receivers for the light
generated from these nanoscale light sources, and the theoretical modeling of the nanoscale transmitters in terms of power
radiation are necessary to formulate the nanoscale transmitter–
receiver communication channel. The design of the transmitter
and the modeling of the power loss in the channel between receiver and the transmitter are out of scope of this paper. The
receiver model is theoretically developed based on the amount
of the incident power on CNT. Therefore, any transmitter device
capable of generating optically modulated line-of-sight incident
light density of the order of 0.5 mW/mm2 or larger can be used
as the transmitter unit such that 1 Kb/s or more data rate is
possible as will be described in the simulations section.
Furthermore, the communication medium is the air or free
space at room temperature as in experiments forming the basis
for the nanoscale receiver models in this paper [8], [12] and
conventional photodetector experiments [24]. Moreover, since
CNT receivers are capable of absorbing light on continuous frequency bands with different central frequencies, and broadcast
optimization is considered in this paper, either light sources capable of producing multifrequency light [41], [42] are needed to
broadcast information simultaneously at multiple frequencies or
tunable multiple light sources are utilized to broadcast information at various frequencies. However, the physical mechanism
and the design of the transmitter light sources are out of scope
of this paper. The transmitter and the receiver network scheme
is shown in Fig. 4.

The broadcast channel is important in nanoscale wireless networks where it is difficult to separately interact with individual
units in a distributed nanonetwork [44], e.g., to direct the optical
power to a single specific CNT receiver. For example, it could
be very difficult to find the exact location of the receiver units in
a network composed of receivers with different diameter nanotubes and to send specific wavelength light to specific position
for a nanotube. Therefore, it is important to introduce and model
the broadcast network. The broadcast nanoscale optical network
is shown in Fig. 5.
Next, the broadcast power allocation optimization for CNT
nanoscale optical network topology is presented.
VI. SNR OPTIMIZATION PROBLEM
The broadcast transmission power allocation specifies the
minimum SNR of the weakest link, determining the maximum
data rate in wireless networks [45]. Therefore, in a CNT ad hoc
network with a finite amount of transmit power that can occur
in future nanoscale optical communication scenarios, it is of
uttermost importance to optimize power allocation. This is a
max–min type optimization and analyzed for wireless networks
as a downlink transmit beamforming in [45] and as multicast
beamforming in [46].
The transmit optical power is assumed to be constant in finite intervals of frequencies, i.e., Δν, assuming that the total
frequency spectrum is divided into intervals of Δν. Therefore,
after some manipulations and calculating the indefinite integral,
the integral equation for the photocurrent Ip in (6) and (7) can
be represented as follows:
νm a x
νm in

=

ν2



k
m ax

Pi (ν)
Bl2

+ 4 (ν − ν22 )2

Pi (jΔν)f (j, dt )

dν

(11)

j =k m i n

where f (j, dt ) is the following:
V. MULTIPLE CNT RECEIVER NETWORKING TOPOLOGY
In this paper, different diameter CNT photodiodes are assumed to form a nanoscale ad hoc network distributed randomly
in a nanoscale communication topology. Diameter variation is
either realized intentionally to form heterogeneous receivers operating at different frequencies or as a result of the synthesis process, e.g., chemical vapor decomposition growths of nanotubes
with Gaussian distributed diameters and uniformly distributed
chiral angles [43].

f (j, dt ) =

1
2 + B2 )
j(j + 1)Δν (4ν22
l


Bl2 + 4ς 2 (j) (j + 1)2
4ν22
+
ln
2 + B 2 )2
Bl2 + 4ς 2 (j + 1) j 2
(4ν22
l


2
2ΔνBl
4ν22
− Bl2
−1
+2
tan
2 + B 2 )2
Bl (4ν22
Bl2 + 4ς(j)ς(j + 1)
l
(12)
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and ς(j) = jΔν − ν22 . Then, SNR equations in (6) and (7) are
transformed into the following:
γs (dt ) = pT as (dt ),

γd,t (dt ) = pT Ad,t (dt )p

(13)

where p = [Pi (km in Δν) . . . Pi (km ax Δν)]T represents the
transmitter power densities at various frequencies and
Ad,t ≡ hd,t (dt )f (dt )f T (dt ), as ≡ hs (dt )f (dt ), and f (dt ) =
[f (km in , dt ) . . . f (km ax , dt )]T .
Then, for the broadcast allocating the transmitter power
among K optical frequencies, the optimization problems maximizing the minimum SNR among N nanotubes in the receiver
network can be defined as max–min type problems such that
max

min

pT as (di )

(14)

max

min

pT Ad,t (di )p

(15)

p∈RK i=1,2,...,N

p∈RK i=1,2,...,N

s.t. pT 1 = Pm ax ,

p≥0

where the subscript s denotes shot-NL case, subscript (d, t)
denotes dark- and thermal-NL cases, respectively, 1K is the
vector of length K = km ax − km in + 1 (the number of distinct
frequencies) with all ones, the total power is restricted to Ptot
with total maximum density Pm ax = Ptot /Δν, and the minimum SNR value among all N nanotubes is maximized with
respect to p.
For shot-NL case, (14) is converted to the following:
min cTLP x s.t. ALP x = bLP , x ≥ 0
⎡
| −aT
s (d1 )
|
..
⎡ ⎤
⎢
.
u
⎢ 1N |
⎢
|
x = ⎣ p ⎦ , ALP = ⎢
T
| −as (dN )
⎢
s
|
⎣
|
0 |
1TK

|
|
|
|
|
|
|
|

(16)
⎤
⎥
IN ⎥
⎥
⎥
⎥
⎦
0TN

which is LP type and where s = [s1 s2. . . sN ]T is the colT
T
umn
 T vector
 of slack variables, cLP = −1 0K 0N , bLP =
0N Pm ax and Ik is the unit vector of size k. Equation (16)
is solved with Linear Interior Point Solver implemented under
MATLAB environment [47].
For dark- and thermal-NL cases, (15) is transformed into
max

p∈RK ,u∈R

u

s.t. pT Ad,t (di )p ≥ u, pT 1 = Pm ax

(17)

where p ≥ 0 and i ∈ [1, N ]. This problem is a multiobjective
extension of standard quadratic problem (StQP), where finding
the global solution is NP hard [48]. However, a bound can be
found by using SDP relaxation by converting the problem to the
following [48]:
max

min

p∈RK i=1,2,...,N

Tr(Ad,t (di )P)

s.t. Tr(EP) = Pm2 ax ,

p ≥ 0,

time using freely available toolboxes implemented in MATLAB, i.e., SeDuMi (IP methods) and CVX (for solving convex
problems) [49], [50]. After finding the global
P∗ , the
 solution
∗
∗
feasible solution p is extracted by pk = α P∗k k , k ∈ [1, K],
with a scaling variable α to satisfy the total power constraint.
Besides that, max–min SNR beamforming frameworks in literature use randomization algorithms to better extract the complex valued solutions after finding the initial SDP relaxation
solution p∗ [45], [46]. Since the power is real valued in (17),
the randomization algorithms cannot be applied and they are replaced with branch and bound search [51] by dividing the hyperplane pT 1 = Pm ax into Ksub = (βk ,u − βk ,l )p∗k /Δpk regions
for each k around the initial SDP bound p∗ for constants Ksub ,
βk ,l ≤ 1 and βk ,u ≥ 1. Ksub increases the solution accuracy.
The SDP-BB algorithm is given in Algorithm 1. The indices
k ∈ [1, K] are ordered with respect to the values of p∗k from the
highest to the lowest, i.e., Kor d = {k1 , k2 , . . . , kK }, so that first
the one with the maximum initial power is searched in order to
more quickly converge to the optimum solution. Starting with
k = k1 , SDP relaxations in (18) are solved with the additional
constraint of Sk2 ,m −1 ≤ Pk k ≤ Sk2 ,m for each m ∈ [1, Ksub ]
where Sk ,m ≡ βk ,l p∗k + mΔpk . After finding the maximum
SDP bound for pk j , the corresponding optimum subinterval
ax
index (mm
k j ) is saved to be used in the next coming relaxations
of pk j + 1 , pk j + 2 , . . . , pk K for specifying the constraint for pk j .
Therefore, SDP problem for the kj th component at the mth
subinterval can be expressed as
max

min

P≥0,P0 i=1,2,...,N

Tr(Ad,t (di )P)

s.t. Trace(MP) = PM , Sk2j ,m −1 ≤ Pk j k j ≤ Sk2j ,m (19)
where Bk2n ,l ≤ Pk n k n ≤ Bk2n ,u , Bk n ,l = Sk n ,m mk na x −1 , Bk n ,u =
Sk n ,m mk na x , and n ∈ [1, j − 1]. M can be chosen as either E or
I, i.e., PM = PE = Pm2 ax or PM = PI = Pm ax , choosing the
hyperplane or quadratic constraint, respectively. Since the solution is scaled, either of the constraints can be used freely. The
ax
giving the highresulting Ksub bounds are compared and mm
kj
est bound is chosen. Finally, (18) is solved with the constraint
Bk2 ,l ≤ Pk k ≤ Bk2 ,u , k ∈ [1, K].
VII. NUMERICAL ANALYSIS

P = ppT

(18)

where E is the matrix of all ones. In an SDP problem, the symmetric structure of P and p ≥ 0 are replaced with constraints
P ≥ 0 and P being symmetric positive semidefinite matrix,
i.e., P  0. This problem is solved efficiently in polynomial

In simulations, it is assumed that the diameter range for the
CNT network is (dc − Δd, dc + Δd) for varying Δd, where
dc = 0.95 is chosen as the average of the small diameter range
(0.7–1.2). SDP-BB parameters are chosen as βk ,l = 0.2 and
βk ,u = 4, and the power is allocated for the spectrum between 300–700 THz with frequency interval of Δν = 10 THz,
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TABLE I
REFERENCE M-SWNT-M DEVICE PERFORMANCES

where the transmitted power is assumed to be constant. The
wide spectral region covers absorption range of all the tubes
m in
≈ 350 THz and
with small diameter range (0.7, 1.2), i.e., ν22
m ax
ν22 ≈ 550 THz. The performance of the CNT receivers is simulated assuming the receivers are of the same type with equal
device structures but having different diameters.
First, photocurrent and dark current models in (5) and (1)
are fit to experimental and theoretical works. Then, cutoff data
rates and transmitter power levels are examined. Moreover, SNR
and BER characteristics are analyzed for broadcast network and
single receiver performance with UPA. Finally, uniform and
optimum power allocations are compared for varying Δd.
A. Parameter Fitting for the Proposed Current Models
For numerical calculation of SNR and BER, the diameterdependent photocurrent modeling in (5) and dark current in
(1) are fit with experimental results and theoretical NEGF
formalisms. For the experiments of asymmetrically contacted
M-SWNT-M photodetectors, i.e., with Ag/Au [9] and Al/Au
source–drain metal contacts [28], with SWNT Schottky barrier
contact p-n diode [12] and for the theoretical asymmetrical MSWNT-M photovoltaic device in [10] (corresponding to E11 )
with Al/Au metal contacts, the obtained values given in Table I
are used to derive approximate values for Ds and Υ2 to be used
in simulation studies in this paper.
Ds and Υ2 are utilized by assuming the receivers have the
same properties, e.g., device geometry, metal types, and back
gate voltages, but different diameters. By inserting the values in
Table I to (5) and (1), Υ2 of 0.127 and 0.184 (A THz4 /nm pW)
for [9] and [10], respectively, and Ds of 39.4 nA for [9], between
4.33 and 96.36 nA for [28] and between 23.15 and 32.35 nA
for [12] are obtained. Ds values of different experiments give
results in nanoampere range. Taking the experiment in [9],
Ds = 39.4 nA and Υ2 = 0.127 (A THz4 /nm pW) are used in
simulations. However, since Id is very low, Ip needs to be very
small to satisfy dark-NL regime and Ds is chosen larger to get
larger SNR; Ds = 96.36 nA in [28] is used in this regime. Furthermore, Fano factor is set to 1 to realize the worst case dark
noise contribution.
B. Cutoff Data Rate Computation
The cutoff rate, i.e., fc ≥ B ≈ Rb , of photodetector receivers
can be computed by using their transit time limited response
times and calculating their RC limited bandwidths [24]. In this
paper, cutoff rate of CNT detectors are computed by using the
experimental measurements of the generated carriers of a re-
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cent work in [52] showing picoseconds (ps) time delay in CNT
photocurrent measurements. The transit time (ttr ) limited bandwidth is found by using the delay of the generated carriers in
the nanotube to reach the metallic contacts, i.e., fc = 3.5/2πttr
[36]. Since the length of nanotubes is L ≤ 1 μm, the group
velocity of the carriers is ≈106 m/s and carrier lifetime is
≈0.25 ns [52], it is computed that ttr ≈ 0.5 ps and fc ≈ 1.1 THz.
On the other hand, RC limited bandwidth, i.e., 1/2πReq Cp ,
is smaller than terahertz ranges and determines the resulting
bandwidth for the equivalent capacitance Cp = 30 aF/μm of
the devices. Even the ballistic limit Req = 10 KΩ of nanotubes
leads to fc = 1/2πReq Cp ≈ 0.5 THz. Therefore, in various NL
regimes, RC limited bandwidth decides the maximum data rate
that the receiver can detect.
C. Transmitter Power Level
In simulation studies, two types of incident power levels are
used. For calculation of the performance of single nanotubes, a
wide range of power levels are simulated to observe BER characteristics under very small and very large power levels in the
next section. On the other hand, for comparison of uniform and
optimum power allocation schemes in a broadcast network and
for observing the practical broadcast data rates, power transmitted along the linewidth Bl = 24.18 THz of a single tube is assumed to be in the experimentally available laser incident power
range of 5–10 W/mm2 [4], [9] for shot- and thermal-NL cases.
Id is
For dark-NL case, the maximum power satisfying Ip
found. In comparing Ip with Id , and σt with σShot , ten times
or more larger parameter is assumed to be the dominating one.
Assuming that experimental laser incident power density of
5 W/mm2 is applied at a single frequency for shot- and thermalNL cases, the total transmitted incident power density, i.e.,
Ptot,0 , becomes 5 × (700 − 300)/Bl ≈ 82.7 (W/mm2 ) where
(700 − 300)/Bl is used to find the maximum number of absorption windows since each nanotube is assumed to absorb
most of the light in Bl linewidth. For dark-NL case, maxiId
mum Ptot,0 ≈ 170 (nW/ mm2 ) incident power satisfies Ip
for the nanotubes. It is assumed that broadcast incident power
level is Ptot,0 . Therefore, for Ptot,0 incident power level, the
power density per area and per Hertz for thermal- and shotNL cases is given by Pdens,0 = 82.7/400 ≈ 0.2068 (pW/mm2
Hz) and for dark-NL case Pdens,0 ≈ 0.5 × 170/400 ≈ 0.2125
(nW/mm2 THz).
D. UPA BER and SNR Performance
For the power level of Ptot,0 with UPA, Req ≥ 285 MΩ,
≤333 KΩ and ≥161 TΩ with fixed values along the network
result in shot-, thermal-, and dark-NL cases, respectively, for all
the tubes in the diameter range (0.7–1.2) nm. The threshold resistance values are chosen to simulate NL types. RC bandwidths
of fcdark = 32 Hz, fcshot = 18.6 MHz, and fctherm = 15.93 GHz
are calculated for these specific resistances. Although 1/f noise
is high and SNR is very low in dark-NL case, SNR is calculated
to observe the diameter dependence. Next, BER and SNR are
computed for both broadcast network and single receivers with
UPA.
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Fig. 6.
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BER of the worst performance tube versus broadcast R b for UPA.

Fig. 7. SNR versus (a) the diameter dt and (b) the chiral angle of single CNT
receiver for UPA.

1) Broadcast Network: BERs of IM/DD nonreturn-tozero ON–OFF keying modulation schemes are found by
using
complementary error √
function, i.e., erfc(x) =
√ the
2
∞
2/ π x e−x dx, with BER = Q( SNR/2), where Q(x) =
√
0.5 erfc(x/ 2) [53]. In Fig. 6, the BER of the worst performance tube in the network (all the tubes in the diameter range
(0.7–1.2) nm) is shown for varying broadcast data rates Rb and
the power level Ptot,0 . Assuming a BER threshold of 10−8 for
Mb/s communication, Rb,s < 44.9 Mb/s and Rb,t < 521 Kb/s
are found for shot- and thermal-NL cases, respectively. Since
the cutoff frequency is smaller than the computed rate, i.e.,
fc,1 < 44.9 Mb/s, the maximum data rate satisfying BER is
chosen as Rb,1 = fc,1 = 18.6 MHz leading to a maximum
BER of ≈10−18 . The diameter and chiral angle dependence
of SNR for the receivers in the broadcast network are shown in
Fig. 7(a) and (b). There is an ≈9, 18, and 21 dB difference, i.e.,
SNRr ≡ SNRm ax /SNRm in , between the maximum and min-

Fig. 8.

Minimum BER among all the tubes versus P sin g le for varying R b .

imum SNR among the tubes for shot-, thermal-, and dark-NL
cases, respectively, as the diameter changes. SNR increases with
respect to diameter for shot- and thermal-NL cases and decreases
for dark-NL case. There is not an observable linear dependence
on chiral angle. These observations, especially the oscillations,
prove the distinct nature of nanotubes, which are due to the
nonuniform optical transition energies, i.e., Eii , with respect to
the diameter and its effect in absorption and photocurrent in (4)
and (5), and should be tested with experimental works.
2) Single Receiver: The BER of the best performance tube,
i.e., minimum BER along the network, is computed without
considering NL cases but the total receiver noise, i.e., σtot =
σShot + σt , for varying Rb is shown in Fig. 8, where tubes
are assumed to have adaptive and distinct Req such that the
maximum rates and the BER performances of each tube are
computed for a wide range of equivalent resistance values. The
BER performance is plotted against the absorbed power per
nanotube approximating the total absorbed power by finding
the total power inside the absorption linewidth Bl , i.e., Psingle .
As the resistance value is lowered, the thermal noise component
increases lowering the SNR. However, RC limited bandwidth
increases allowing higher cutoff data rates. Therefore, the wide
range of resistance values are simulated to find the maximum
allowable data rate for a specific power level, BER threshold,
and for all diameter nanotubes. For various combinations of Rb
and power levels, the tube with the minimum BER is chosen.
BER of 10−6 is possible even with very low total incident
power levels of Psingle ≈ 20 μW/mm2 at the minimum simulated communication rate Rb = 1 Kb/s. The maximum Rb
is set to ≈0.5 THz, since the ballistic limit Req = 10 KΩ
leads to fc = 1/2πReq Cp ≈ 0.5 THz. It is observed that for
500 Gb/s communication link with BER lower than 10−14 , the
nanotube should be feed with the incident optical power larger
than ≈15 kW/mm2 which is out of practical ranges. However, it
is possible to achieve hundreds of Mb/s data for tens of W/mm2
incident power density, e.g., BER of ≈10−11 at Rb = 1 Gb/s
with power density of ≈20 W/mm2 . Next, OPA and UPA are
compared for varying Δd in a broadcast optical nanonetwork.
E. Optimum Versus Uniform Broadcast Power Allocation
In a broadcast ad hoc network, information is transmitted
to a set of nanotubes by distributing the limited total power
among the frequency spectrum. Observing the significant SNR
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Fig. 10.

Fig. 9. (a) G o p t versus Δd for various NL cases. (b) R b versus Δd for shotand thermal-NL cases for OPA and UPA.

difference among tubes, optimization is substantially important
for nanoscale optical communication networks. The broadcast
power allocation problem could be significantly important in future nanotechnology applications with limited transmitter power
and distributed nanodevices, where it is difficult to interact with
single devices [44].
A fair comparison between OPA and UPA is achieved by asm in
m ax
− Bl , ν22
+ Bl ),
signing power to the frequency range (ν22
m in
m ax
where ν22 and ν22 are the minimum and the maximum optical
transition frequencies of the CNT network, respectively, in order to prevent consumption of power in nonabsorbing frequency
bands in uniform allocation. The incident power density is set to
practical level Pdens,0 for UPA, whereas for optimum power alm in
m ax
− Bl , ν22
+ Bl ),
location, the total power, i.e., Pdens,0 (ν22
is distributed based on the optimization. Furthermore, Req is
chosen freely (same along the network) by adapting to satisfy the NL conditions. BER threshold is set to 10−8 assuming
Mb/s communication ranges and maximum achievable broadcast Rb along the network is compared for OPA and UPA, i.e.,
Gopt = Rbopt /Rbuni . The rate of the worst performance tube determines the global rate of the network, i.e., Rb . As diameter
variation of the network, i.e., Δd, increases, the gain increases
in an oscillating manner as shown in Fig. 9(a), showing that
as the difference among the tubes increases, the optimization
brings better improvements between ≈2 and 11 dB for various
NL cases.
Furthermore, maximum broadcast Rb at a BER of 10−8 is
shown in Fig. 9(b). All the rates are decreased as Δd increases
due to the significant decrease in SNRm in as the smaller diameter
tubes (for shot- and thermal-NL case) are encountered. However,
optimization gives significant improvements, where shot-NL

SNRr versus Δd for UPA.

case performs better than thermal-NL case, giving the highest
broadcast Rb but the worst gain. It is possible to increase the
data rate of the worst receiver in the network by tens of Mb/s by
using optimization as shown in 9(b) for shot-NL case. These are
the theoretical results which could be developed and modified
theoretically with future experimental results.
1) Analysis of NL Gain Behaviors: The gain behavior of
NL cases for various diameter sets can be explained as the
following. Since SNR ∝ Ip for shot-NL case, SNR ∝ Ip2 Req and


Req = 0.1 × max 4κT /(2qIopt
p ) for thermal-NL case, SNR
∝ Ip2 e15.78/d for dark-NL case, where Ip is the photocurrent
vector of the tubes, if Rb is set to the same value for both OPA
and UPA, the gain becomes the ratio of SNR values of the worst
performance tubes for OPA and UPA and can be expressed as
the following:
Gshot
opt ∝

uni
uni
min (Iopt
p ) max (Ip )/min (Ip )
opt
uni
min (Ip ) max (Ip )/min (Iopt
p )
 opt 2

min (Ip ) ⊗ e


∝
2
min (Iuni
p ) ⊗e

Gtherm
∝
opt
Gdark
opt

min (Iopt
p )
min (Iuni
p )

(20)
(21)
(22)

where e = [e15.78/d 1 . . . e15.78/d N ], and ⊗ and ()2 denote the
element-wise product and square power, respectively.
In comparison with thermal- and shot-NL cases, it is
observed that their optimized power allocations are the
same due to the proportionality γt (dt ) ∝ γs2 (dt ) which
can be derived from (6)–(8) and (10). This leads to the
uni
same ratio of min (Iopt
p )/min (Ip ). Furthermore, since opopt
timum power allocation lowers max (Iopt
p )/min (Ip ) and
uni
uni
max (Ip )/min (Ip ) ∝ SNRr gets larger as Δd increases in
UPA as seen in Fig. 10, thermal-NL gain is bigger than shotNL gain and gets larger as Δd increases based on (21) and as
observed in Fig. 9(a). On the other hand, the behavior of the
optimization gain for dark-NL case obeys the proportionality
defined in (22), where the diameter of the worst performance
tubes changes the gain in an exponential manner. Moreover, as
the diameter variation is increased, the SNR ratio between the
worst and best performance tubes increases drastically as shown
in Fig. 10. Since, the effect of diameter on SNR is much more in
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dark- and thermal-NL cases as shown in Fig. 7(a), SNRr ratio
obeys the same rule such that shot-NL case has a smaller SNRr
ratio than dark- and thermal-NL cases.
VIII. CONCLUSION
In this paper, CNT nanoscale optical network architecture
based on M-SWNT-M photodiodes is presented and analyzed
in terms of SNR, BER, and Rb . Transmitter power allocation
optimization problem is defined and solved for the broadcast
network with small diameter nanotubes. The receivers are theoretically modeled emphasizing the diameter dependence in
terms of photocurrent and noise for shot-, dark-, and thermal-NL
cases. Information broadcast to multiuser optical CNT receiver
network is presented and maximizing the minimum SNR is
modeled as an NP-hard max–min quadratic problem in a network of specific diameter range for thermal- and dark-NL cases
and as an LP problem for shot-NL case. SDP relaxation solution is presented within a BB framework. The performance
metrics are analyzed for UPA and IM/DD nonreturn-to-zero
ON–OFF keying modulation for practical transmission powers.
Optimum power allocation results in significant performance
improvement compared with UPA in terms of SNR gain and
maximum Rb showing an increasing trend with increasing diameter range. The theoretical receiver model is compared with
existing experimental results using parameter fitting. Data rates
reaching hundreds of Mb/s are achievable with very low BERs.
Thermal-NL case gives the highest gain and shot-NL case gives
the highest data rate.
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